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Evolution of linear gravitational and electromagnetic perturbations inside a Kerr black hole

Amos Ori
Department of Physics, Technion—Israel Institute of Technology, Haifa, 32000, Israel

~Received 12 February 1999; published 9 December 1999!

We analyze the evolution of linear gravitational (s562) and electromagnetic (s561) perturbations inside
a Kerr black hole, within the framework of the Newman-Penrose formalism. In particular, we derive explicit
expressions for the asymptotic behavior of the perturbations at the early portion of the Cauchy horizon~CH!.
The calculation is carried out in the time domain, using late-time expansion. The initial data are the presumed
inverse-power tails at the event horizon. We find that the ‘‘outgoing’’ fieldss,0 are regular~though nonva-
nishing! at the CH. However, the ‘‘ingoing’’ fieldss.0 diverge at the CH-like (r 2r 2)2s, wherer is the
radial Boyer-Lindquist coordinate andr 2 is its value at the CH. This divergent term is multiplied by an inverse
power of the ingoing Eddington coordinatev. For nonaxially symmetric modes (mÞ0), the divergence of the
s.0 fields is also modulated by an oscillatory termeimV2v, whereV2 is a fixed parameter andm is the
magnetic number of the mode under consideration. This term exhibits an infinite number of oscillations on the
approach to the CH. We also find that the nonaxially symmetric modes diverge faster than the axially sym-
metric ones. Based on the result of a previous nonlinear perturbation expansion, which showed that the
nonlinear perturbation terms are negligible at the CH compared to the linear ones, we argue that the linear
gravitational perturbations calculated here correctly describe the strength and features of the curvature singu-
larity at the CH~to the leading order in 1/v and 1/u!.

PACS number~s!: 04.70.Bw
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I. INTRODUCTION

Kerr geometry@1# is a unique solution of the vacuum
Einstein equations describing a stationary spinning bl
hole ~BH!. The study of spinning BHs has a strong motiv
tion, because realistic astrophysical BHs are expected t
rapidly rotating@2,3#. The rotation has a dramatic effect o
the inner structure of the BH: Without the rotation, th
~static! BH is described by the Schwarzschild geometry, a
its interior is sealed by an all-encompassing spacelike sin
larity. On the contrary, in the Kerr geometry there is no su
spacelike singularity. Instead, there is a null hypersurf
inside the BH, known as the inner horizon or Cauchy horiz
~CH! ~see Fig. 1!. This null hypersurface, which is a pe
fectly smooth place in pure Kerr geometry, has drastic
plications to the causal structure of the black hole: The CH
the boundary of the domain of dependence of a space
hypersurfaceS ~see Fig. 1! in the external universe; hence,
is the boundary of predictability for physical fields evolvin
from initial data specified onS.

It is remarkable that in a Kerr BH predictability break
down by an approach to a regular CH, and not by a dest
tion due to divergent tidal forces at a curvature singular
However, Penrose@4# pointed out more than 30 years ag
that the CH is a hypersurface of infinite blueshift. That
soft photons falling from the external universe into the B
become infinitely blueshifted~as measured by a typical in
falling observer moving towards the CH! when the CH is
approached. This infinite blueshift results from the mapp
~along radial ingoing null geodesics! of infinite time intervals
in the external universe into a finite time interval near t
CH. Penrose pointed out that this geometrical-optics p
nomenon of unbounded blueshift strongly suggests the in
bility of the CH to small gravitational or electromagnet
perturbations.
0556-2821/99/61~2!/024001~20!/$15.00 61 0240
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The Reissner-Nordstro¨m ~RN! solution, describing the ge
ometry of a static, spherical, charged BH, has an inner st
ture similar to the Kerr solution. In particular, it has a C
which too is a surface of infinite blueshift.~In fact, Penrose’s
original argument@4# was primarily related to the CH in the
RN geometry.! The instability of the CH of the RN BH to
linear electromagnetic and gravitational perturbations w
verified by several authors@5–8#. This instability suggests
that in a more realistic BH model the regular CH will b

FIG. 1. Penrose diagram of the extended Kerr geometry.
event and Cauchy horizons are marked EH and CH, respectiv
The asymptotic region I is the external universe. The present p
deals with region II, i.e., the black-hole interior between the EH a
CH. The curveSrepresents a typical initial hypersurface outside t
black hole.
©1999 The American Physical Society01-1
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AMOS ORI PHYSICAL REVIEW D 61 024001
significantly modified—presumably it will be converted in
a curvature singularity of some type. This prediction w
verified analytically@9–13# and numerically@14–16# for a
class of nonlinear spherical toy models made of a char
BH perturbed by either null fluids or a self-gravitating sca
field. In these nonlinear models the regular CH is conver
into a curvature singularity which is strictly null@9–10# and
weak @11# ~we use here Tipler’s@17# notion of weakness!.

Realistic astrophysical BHs, however, are spinning~and
uncharged!. In general, one expects the situation in a sp
ning BH to be similar in many respects to that in spheri
charged BHs. In the spinning case, too, the CH is a hyp
surface of infinite blueshift, suggesting a linear instabili
Indications for such a linear instability of the Kerr bac
ground were found by McNamara@18# and by Novikov and
Starobinsky@19#. In the fully nonlinear context, this instabil
ity suggests that small perturbations will convert the regu
CH into a curvature singularity. This expectation was ve
fied by a nonlinear perturbation analysis of the interior o
Kerr BH @20#. This analysis revealed the asymptotic beha
ior of metric perturbations near the CH, both in the line
context and in the context of fully nonlinear perturbatio
~within the framework of a systematic nonlinear perturbat
expansion!. The regular CH of pure Kerr geometry was i
deed found to be converted, in the presence of gravitatio
perturbations, into a spacetime singularity, marked by
divergence of curvature. This curvature singularity, to wh
we shall refer as theCH singularity, was found to be strictly
null, weak, and scalar curvature~namely, the curvature scala
RabgdRabgd diverges! @20#. The weakness of the singularit
means that the actual tidal distortion experienced by an
falling physical object is bounded—and in fact negligib
small for a wide range in the space of geodesics—when
curvature singularity at the CH is approached. The anal
in Ref. @20# also suggests that for nonaxially symmet
modes the divergence of curvature at the CH of a spinn
BH is oscillatory. Namely, the nonaxially symmetric metr
perturbations exhibit an infinite number of oscillations on t
approach to the CH@21#. As a consequence, the curvature
expected to exhibit such oscillations too.~This is to be com-
pared with the monotonous mass-inflation singularity@10,11#
inside spherical charged BHs.!

Recently, the structure of the CH singularity was exa
ined in a nonperturbative leading-order analysis by Bra
et al. @22#. This analysis provided a description of the sing
larity in terms of geometric entities like the shear, expansi
and twist of null congruences intersecting the CH, and
Newman-Penrose scalars of the Weyl tensor. The analys
Ref. @22# is local; namely, it is based on a local characteris
initial-value setup near the CH~assuming inverse-power lo
cal initial data!. The calculation is carried out to the leadin
order in the inverse blueshift factore2k2v ~k2 and v are
defined below!, which is essentially the affine distance fro
the CH. Nevertheless, it handles the nonlinearity of the E
stein equations in a fully nonperturbative manner. T
analysis confirmed the main findings of the nonlinear per
bation analysis@20#, namely, that the singularity at the CH
blueshift dominated, null, weak, and scalar curvature.

Several rigorous nonperturbative local analyses@23–25#
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were also carried out in order to examine the local struct
of the vacuum curvature singularity at the CH. Brady a
Chambers@23# solved the constraints equations along tw
intersecting null hypersurfaces~one of which coincides with
the CH!. Later, Ori and Flanagan@24# handled both the con
straints and the evolution equations, and mathematically c
structed a class of vacuum solutions with a null, we
scalar-curvature singularity. This class depends on a s
cient number~8! of quite arbitrary~though analytic! initial
functions of the three spatial variables, so it may be regar
as generic. More recently, Ori@25# showed that there exists
generic class of null weak singularities within the family
linearly polarized plane-symmetric vacuum spacetimes.
these analyses@22–25# support the main result of Ref.@20#
~concerning thelocal behavior near the CH!, i.e., the exis-
tence and genericity of vacuum solutions with a strictly nu
weak, scalar-curvature singularity.~The local analyses in
@22–25# did not reveal the oscillatory character of the sing
larity, though, because they allassumednonoscillatory local
initial data for simplicity@26#.!

The CH singularity inside a spinning BH is also found
be essentially linear. Namely, the fully nonlinear curvatu
singularity at the early portion of the CH is adequately d
scribed~at the leading order! by the linear gravitational per
turbation over the Kerr background. This is demonstrated
Ref. @20#, where it is found that the linear perturbation ter
dominates all higher-order terms in the nonlinear pertur
tion expansion.~This holds both in terms of the metric pe
turbations and in terms of the curvature perturbations deri
from them.! This essential linearity is also supported by t
recent analysis of plane-symmetric null weak singularit
@25# and is consistent with the other local analyses@22–24#.
Thanks to this essential linearity~which is an unusual phe
nomenon in the context of spacetime singularities or sin
larities in general!, one can study the structure and featur
of the CH singularity, both qualitatively and quantitative
~at the leading order!, by a linear analysis. This motivate
one to carry out a detailed linear analysis of gravitatio
perturbations over the Kerr background. Such a linear p
turbation analysis is the main objective of this paper.

We preferred here to use the Newman-Penrose form
tion for perturbations over the Kerr background~see, e.g.,
@27#!, because it enables the separation of the wave equa
@28#. In turn, this separability allows the determination of t
leading-order coefficients at the CH@by solving ordinary dif-
ferential equations~ODEs! in the interval between the even
horizon ~EH! and the CH#. In Ref. @20# we used the frame-
work of metric perturbations, because it is easier to anal
the nonlinear perturbations in this framework. Because of
nonseparability of metric perturbations over the Kerr ba
ground, the ‘‘coefficients’’ obtained in Ref.@20# for the
asymptotic behavior at the CH were in fact unknown fun
tions of the angular coordinateu, and it was not even clea
which of these coefficients vanish and which do not. He
the separability of the Newman-Penrose fields allows us
carry out the linear part of the analysis in much greater de
and to obtain more complete results.~We note that all the
results obtained in this paper are consistent with Ref.@20#.!

The present paper is a part of a project aimed at explo
1-2
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EVOLUTION OF LINEAR GRAVITATIONAL AND . . . PHYSICAL REVIEW D 61 024001
the inner structure of realistic spinning BHs and, particula
the structure of the null CH singularity. Reference@20# out-
lines the approach used—a systematic nonlinear perturba
expansion, combined with the late-time expansion. It a
describes the main results concerning the structure and
tures of the CH singularity~i.e., a null, weak, essentially
linear, scalar-curvature singularity!. The general approac
and its relevance to the gravitational collapse of a spinn
astrophysical object are extensively discussed in Ref.@29#.
The late-time expansion and its implementation for
analysis of perturbations near the CH are demonstrate
detail in Refs.@30,31# for the case of a scalar field in
Reissner-Nordstro¨m background. The application of the lat
time expansion to an axially symmetric scalar field in a K
BH is described in Ref.@32#. The present paper is devoted
the analysis of linear gravitational perturbations inside a K
BH, in the Newman-Penrose formalism. In forthcoming p
pers we shall generalize the analysis to linear metric per
bations and then to nonlinear metric perturbations.

Although the main objective of this paper is the analy
of gravitational perturbations, Teukolsky’s master equat
@28# for the Newman-Penrose fields allows us to inclu
electromagnetic perturbations in the analysis with almost
modifications. We also include nonaxially symmetric sca
perturbations in this analysis~axially symmetric scalar per
turbations require a somewhat different analysis and w
already analyzed in Ref.@32#!. We shall thus consider in thi
paper ingoing (s52) and outgoing (s522) gravitational
perturbations, and ingoing (s51) and outgoing (s521)
electromagnetic perturbations, as well as nonaxially symm
ric modes~i.e., mÞ0, wherem is the mode’s magnetic num
ber! of a scalar field (s50) @33#.

The structure of this paper is similar to that of Ref.@32#.
In Sec. II we introduce the field equation, the coordinat
and some additional notation. In Sec. III we describe
initial-value setup for our problem. We consider a charac
istic initial-value problem, in which one of the null hypersu
faces is located at the EH. To that end, we need to know
behavior of perturbations along the EH~which in turn re-
quires the analysis of perturbations outside the BH!. In Sec.
III we describe recent results concerning the late-time beh
ior of perturbations outside the Kerr BH and, particular
along the EH.

Section IV describes the late-time expansion for
Newman-Penrose fields. Then, in Sec. V we use this exp
sion to obtain a general expression for the asymptotic beh
ior near the CH. This asymptotic behavior includes inve
powers ofu or v, whose coefficients are unspecified at th
stage. In order to obtain explicit values for these coefficie
we have to match the various parameters to the presu
initial data at the EH. To that end, in Sec. VI we analyze
local asymptotic behavior near the EH, as dictated by
late-time expansion~and by the demand for regularity!. Then
in Sec. VII we decompose the Newman-Penrose fields
all related functions into spin-weighted spherical harmon
This decomposition completely separates the field equa
for the first term in the late-time expansion, which we den
c0 . As a consequence, the field equation forc0 becomes an
ordinary differential equation, which we solve explicitly i
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Sec. VIII. Then in Sec. IX we use this exact solution
obtain the leading-order coefficients at the CH by match
them to the corresponding coefficients at the EH. By this
obtain the explicit asymptotic behavior of the perturbation
the early portion of the CH. Our main results are given in E
~111! for s51,2 and in Eq.~115! for s521,22. Finally, in
Sec. X we summarize the main results and give some c
cluding remarks. Some details of the calculations are lef
the Appendixes.

II. FIELD EQUATION

Let C denote a linear Teukolsky field with integer spi
weight 22#s#2 ~see Ref.@28#, and note that ourC is de-
notedc there. The relation ofC to the standard Newman
Penrose fields in the Kinnersley’s null tetrad is given
Table I therein!. This includes the gravitational perturbation
(s562), electromagnetic perturbations (s561), or a sca-
lar perturbation (s50). The background geometry consid
ered here is a nonextreme Kerr BH, with massM and specific
angular momentuma (0,uau,M ). Let (r ,t,u,w) be the
standard Boyer-Lindquist coordinates for the Kerr geome
We first decomposeC into azimuthal modeseimw:

C~r ,t,u,w!5(
m

cm~r ,t,u!eimw[(
m

Cm . ~1!

Because of the axial symmetry of the Kerr background,
field equation does not couple perturbation modes with
ferent m. Therefore, we shall consider here a perturbat
mode with a specificm, and for brevity we shall usually omi
the indexm from cm andCm . The reader should recall tha
throughout this paperc ~or C! always carries two indi-
ces: m ands.

The field equation forc is obtained from the master equa
tion in Ref. @28# by substituting]w→ im:

F ~r 21a2!2

D
2a2 sin2 uGc ,tt1

4iamMr

D
c ,t

2m2Fa2

D
2

1

sin2 uGc2D2s] r~Ds11c ,r !

2
1

sinu
]u~sinuc ,u!22imsFa~r 2M !

D
1

i cosu

sin2 u Gc
22sFM ~r 22a2!

D
2r 2 ia cosuGc ,t

1~s2 cot2 u2s!c50, ~2!

whereD[r 222Mr 1a2. It is useful to reexpressD as

D5~r 2r 1!~r 2r 2!, ~3!

where r 1 and r 2 denote ther values of the event horizon
and the inner horizon, respectively, which are given byr 6

5M6AM22a2.
For the method we use below it is useful to distingui

betweent derivatives and the other derivatives in the fie
equation~2!. We therefore rewrite this equation as

~D2T1] t2T2] tt!c50, ~4!
1-3
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AMOS ORI PHYSICAL REVIEW D 61 024001
where

D[D12s] r~D11s] r !1a2m212isam~r 2M !1DDu ,
~5!

Du5
1

sinu
]u~sinu]u!2

m2

sin2 u
22sm

cosu

sin2 u

2~s2 cot2 u2s!,

and the coefficientsT1 andT2 are given by

T154iamMr22sM~r 22a2!12s~r 1 ia cosu!D, ~6!

T25~r 21a2!22a2 sin2 uD. ~7!

For later use, we also define the ‘‘tortoise coordinate’’r *
by

dr/dr* [D/~r 21a2!

and the Eddington coordinatesu,v by

u[r * 2t, v[r * 1t.

The range of these coordinates inside the BH is shown
Fig. 2.

The surface gravity at the event and the Cauchy horiz
is given by

k65
d

2~r 6
2 1a2!

5
d

4Mr 6
,

where

d[r 12r 252AM22a2.

FIG. 2. The region between the two horizons~the region marked
II in Fig. 1!. This figure shows the range of the Eddington coor
natesu and v, and also the values ofr, r * , and t on the two
horizons.S8 denotes a null hypersurface intersecting the EH, u
~along with the EH! in a characteristic initial-value setup for th
black hole interior.
02400
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III. INITIAL DATA AT THE EVENT HORIZON

In studying the evolution of perturbations inside the B
it is natural to consider a characteristic initial-value setup
which one of the two initial null hypersurfaces is the EH
The other characteristic null hypersurface is denotedS8 in
Fig. 2. In this paper we are dealing with the internal late-tim
behavior, i.e., the behavior at fixedr and larget inside the
BH, and the behavior at the early portion of the CH. As w
explained in Ref.@29# ~see also@30,32#!, this late-time be-
havior is not sensitive to the initial data on the characteris
hypersurfaceS8. ~This follows from the physical demand fo
the regularity of the initial perturbation, combined with th
exponential redshift along the EH.! Therefore, in order to
analyze the late-time internal dynamics, it is sufficient
know the value of the perturbation on the EH~particularly at
largev!. This, in turn, requires the analysis of perturbatio
outsidethe BH.

For a Schwarzschild background it is well known sin
Price’s work@34# that perturbations outside the BH event
ally decay as an inverse power of external time. That is
perturbation mode of multipolar indexl decays at fixedr as
t2n0, with n052l 13. ~If the mode under consideration in
tially has a nonvanishing static multipole moment, then
power index is 2l 12 @34#. However, throughout this pape
we shall only consider the situation of vanishing initial sta
multipole moment.!

In the case of a Kerr background the problem is mo
complicated due to the lack of spherical symmetry. Prelim
nary calculations@29,35# suggested a power-law deca
which is similar to the Schwarzschild case, except for t
important differences: ~i! There is a coupling betwee
spherical-harmonics multipoles of differentl ~but with the
samem!, and~ii ! at the EH the perturbation oscillates in th
Eddington coordinatev along the horizon’s null generators
with a frequency proportional tom. A numerical simulation
of the evolution ofC outside a Kerr BH was carried out b
Krivan et al. for the casess50 @36# ands522 @37#. More
recently, systematic analytic calculations for a scalar fi
were carried out by Barack and Ori@38# and by Hod@39#.
These analyses revealed that at fixedr and larget, a scalar-
field multipole of givenl,m generically decays with a powe
index l 1umu131q, whereq is 0 for evenl 1m and 1 for
odd l 1m @40#. At the EH, the scalar field decays as a
inverse power ofv with the same power index as above, a
for mÞ0 it also oscillates withv ~as described in Ref.@29#!.

For sÞ0 fields, the late-time behavior outside the sp
ning BH was analyzed recently by Hod@41# and by Barack
@42#. In this case, the power index at fixedr is generically

l 1 l 013, ~8!

wherel 0 is the minimal value ofl allowed for the valuesm,s
of the multipole under consideration, that is,

l 05max~ umu,usu! ~sÞ0!. ~9!

@In order to incorporate the cases50 in Eq.~8!, we define in
this casel 05umu1q.# There also is an additional facto
D2s at the EH@see Eq.~12! below; this factor has a trivia

-

d
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EVOLUTION OF LINEAR GRAVITATIONAL AND . . . PHYSICAL REVIEW D 61 024001
origin, as explained in Ref.@28##. Note that for boths50
andsÞ0, the decay rate of an individual multipole,l . l 0 , is
slower than the Schwarzschild case, due to the couplin
multipoles of smallerl ~caused by the breakdown of sphe
cal symmetry! @40#.

For the purpose of the present analysis it will be suffici
to consider theoverall late-time behavior for givenm,s. This
overall behavior is dominated by the multipolel 5 l 0 , which
has the slowest decay rate. At fixedr and larget, the overall
late-time decay is given by

C}sYl 0
m~u,w!t2n01O~ t2n021! ~EH!, ~10!

where

n052l 013, ~11!

and sYl
m denotes the spin-weighted spherical harmon

~Note that the spheroidal harmonics are not useful for
final description of the late-time behavior, because they
defined in the frequency domain and not in the time d
main.! The overall inverse-power decay~10!, ~11! has been
demonstrated numerically in@36,37#.

Once the late-time decay at fixedr is known, the
asymptotic behavior at the EH may be derived by pur
local considerations@43#. One obtains the following late
time behavior:

C5C0 sYl 0
m~u,f1!D2seimV1vv2n01O~v2n021!

1O~D12s! ~EH!, ~12!

whereV1[a/(2Mr 1), andf1 is an azimuthal coordinate
regularized at the EH:

f1[w2V1t

~the Boyer-Lindquist azimuthal coordinatew is singular at
the EH of a Kerr BH@27#!. C0 is an unspecified coefficien
~this coefficient vanishes in certain cases; see below!. The
asymptotic behavior including the higher-order terms in 1v
takes the form@44#

C5D2seimV1v(
l

sYl
m~u,f1!(

j 50

`

Cj
l v2n02 j

1O~D12s! ~EH!. ~13!

To relate the two representations~12! and ~13!, note that in
the latter the coefficients for the termj 50 are given by

Cj 50
l 5C0d l ,l 0

. ~14!

It is sometimes useful to express the perturbation fi
without decomposing it into spin-weighted spherical h
monics. Separating the harmonicssYl

m(u,f1) into an azi-
muthal parteimf1 and au-dependent part~and absorbing the
latter into the coefficientsCj !, Eq. ~13! takes the form
02400
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C5eimf1D2seimV1v(
j 50

`

Cj~u!v2n02 j1O~D12s! ~EH!.

~15!

In Ref. @43# we show thatC0Þ0 for s,0 and/oram
Þ0, but C0 vanishes in the cases.0, am50 ~i.e., for all
s.0 fields in the Schwarzschild case and for all axially sy
metric s.0 modes in the Kerr case! @45#. In this case, the
asymptotic behavior at the EH will be governed by the te
j 51 in Eq. ~13! or ~15!. The calculations throughout thi
paper are valid in both casesC050 andC0Þ0. ~However,
the vanishing ofC0 for s.0, m50 will have obvious impli-
cations to the divergence rate of these perturbation mode
the CH, as we discuss in Sec. IX.!

IV. LATE-TIME EXPANSION

The form ~15! of the initial data at the EH suggests th
the perturbation field inside the BH~like the field outside the
BH! will be of the form

c~r ,t,u!5 (
k50

`

ck~r ,u!t2n2k, ~16!

which we refer to as thelate-time expansion. ~This issue is
discussed in more detail in Refs.@29,30#.! This ansatz is
consistent with the field equation and also with the init
data~15! at the EH, as we show below. The constantn is an
integer greater than 1@by matching Eq.~16! to the initial
data at the EH, we shall later show thatn5n0#.

Substituting the expansion~16! in the field equation~4!,
we find that the latter is satisfied, provided that the functio
ck satisfy

D~ck!5Nk
1T1ck211Nk

2T2ck22[Sk , ~17!

where

Nk
1[12n2k, Nk

2[~n1k22!~n1k21!. ~18!

Note thatSk50[0, because, by definition,ck8 vanishes for
k8,0. Therefore, Eq.~17! is a homogeneous equation fo
k50 and an inhomogeneous equation fork>1. It forms a
hierarchy of equations, one for eachk, which in principle can
be solved one at a time~first for k50, then fork51, etc.!.

For later convenience we also reexpress the source
Sk as

Sk5S̄k1Ŝk1S̃k , ~19!

where

S̄k5Nk
1T̄1ck211Nk

2T̄2ck22 ,

Ŝk52isaNk
1D cosuck21 ,

S̃k52a2Nk
2D sin2 uck22 .

Here T̄1,2 denote theu-independent part ofT1,2, that is,
1-5
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AMOS ORI PHYSICAL REVIEW D 61 024001
T̄154iamMr22sM~r 22a2!12srD

and

T̄25~r 21a2!2.

V. ASYMPTOTIC BEHAVIOR NEAR
THE CAUCHY HORIZON

We shall now analyze the asymptotic behavior at the C
to the leading order inD. To that end, we define

R[e22k2.

R, like D, vanishes at the CH, and in the neighborhood of
latter we haveR}r 2r 2}D. We now expand the field equa
tion in R near R50 and consider the leading-order ter
only. It is essential that all theu-dependent terms~and theu
derivatives! in Eqs.~5!–~7! are proportional toD and, hence,
do not appear at the leading order. Let us denote the lead
order parts inD, T1 , andT2 by a tilde:

D5D̃1O~R!, T1,25T̃1,21O~R!.

We shall transform the independent variable inD from r to
R. At the CH,D ,r52d, so] r>2d]D . To the leading order
we have1

D12s] r~D11s] r !>d2D12s]D~D11s]D!

>d2R12s]R~R11s]R! ~20!

and, also,

r 2M>r 22M52d/2.

We thus define

D̃[d2R12s]R~R11s]R!1a2m22 isamd>D

and

T̃1[2Mr 2~2iam1sd!>T1 ,

T̃2[~r 2
2 1a2!2>T2 .

~Throughout this paper, the symbol ‘‘>’’ denotes equality to
the leading order inD.! In the derivation ofT̃1 we have
used the equalityr 2

2 2a252r 2d. The field equation~4!
then takes the approximate form

~D̃2T̃1] t2T̃2] tt!c>0. ~21!

The analysis is further simplified by defining

1The extra first-order derivative terms which arise in this transf
mation ~e.g., the one proportional to the derivative ofD ,r! are
smaller by a factorD compared to the dominant first-order term
this differential operator and can therefore be neglected here.
02400
,

e

g-

D̂[d22D̃, T̂1,2[d22T̃1,2 ~22!

andA[am/d. We find

D̂5R12s]R~R11s]R!1~A22 isA!

5R2]RR1~11s!R]R1~A22 isA! ~23!

and

T̂15m~2iA1s!, T̂25m2, ~24!

where m[(2k2)2152Mr 2 /d5(r 2
2 1a2)/d. The field

equation~21! now reads

~D̂2T̂1] t2T̂2] tt!c>0, ~25!

and applying it to the late-time expansion, Eq.~16!, we ob-
tain

D̂~ck!>Nk
1T̂1ck211Nk

2T̂2ck22 . ~26!

It is useful to defineĉk to be theexact solution of the
system~26!, i.e.,

D̂~ ĉk!5Nk
1T̂1ĉk211Nk

2T̂2ĉk22 . ~27!

We then defineĉ via the functionsĉk in analogy with Eq.
~16!:

ĉ~r ,t,u![(
k50

`

ĉk~r ,u!t2n2k. ~28!

The field ĉ thus obtained is theexactsolution of Eq.~25!;
that is, it satisfies

~D̂2T̂1] t2T̂2] tt!ĉ50. ~29!

@To verify this equality, just apply this differential operato
to the right-hand side of Eq.~28!, collect terms of the same
power in t, and recall Eq.~27!.#

For later convenience we also express the differential
eratorD̂ as

D̂5m2] r* r* 2ms] r* 1A22 isA. ~30!

Denoting the differential operator at the left-hand side of E
~29! by D̄, we find

D̄5m2~] r* r* 2] tt!2ms~] r* 1] t!22iAm] t1A22 isA,

and the field equation~29! reads

D̄~ ĉ !50. ~31!

We turn now to analyze the functionsĉk and ĉ. The
former are obtained by solving the individual equations
cluded in the system~27! one by one. We start fromk50,
for which the source term vanishes and the field equa
reduces to

-
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D̂~ ĉ0!50.

The general solution of this equation is

ĉ0~r ,u!5eu~u!Rqu1ev~u!Rqv, ~32!

where

qu5 iA, qv52 iA2s ~33!

andeu andev are~yet! arbitrary functions ofu. ~The reason
for associating the indicesu, v with these two basis solution
will become apparent at the end of this section.! Equation
~32! is indeed the general solution, provided thatquÞqv .
Since bothA ands are real, this inequality is satisfied as lon
as eitherAÞ0 or sÞ0 ~or both!. The special cases5A50
is excluded here: This case, which corresponds to an
ally symmetric scalar field, requires a special treatment
was already analyzed in Ref.@32#.

For later reference, we note that

Rqu5e2 imV2r* , Rqv5R2seimV2r* >~DR!sD2seimV2r* ,
~34!

where

V2[a/~2Mr 2!52ak2 /d ~35!

andDR is a number~which depends ona/M only!, defined
by

DR[ lim
r→r 2

~D/R!.

For k.0, Eq.~27! is inhomogeneous. In Appendix A w
show that the general exact solution of this system takes
form

ĉk5pk
u~r * ,u!Rqu1pk

v~r * ,u!Rqv, ~36!

wherepk
u andpk

v are two polynomials of orderk in r * ,

pk
w~r * ,u!5(

i 50

k

pki
w ~u!r * i . ~37!

Hereafter,w stands for eitheru or v. Furthermore, these two
polynomials have the following properties:~1! For eachk,
the two coefficientspk,i 50

w are arbitrary functions ofu; ~2!
for 0, i<k, pki

w is uniquely determined as a linear combin
tion of coefficientspk8 i 8

w , with k85k21 andk85k22 ~and
the samew!; ~3! the k8th-order polynomialpk

w(r * ) is non-
degenerate, i.e.,pk,i 5k

w Þ0, if and only ifew is nonzero.~Fur-
thermore, the coefficientspk,i 5k

w are all proportional toew .!
Note that properties~1!,~2! imply that the two polynomials
pk

u andpk
v are completely independent of each other.

Equation~36! shows thatĉk is made of two components
distinguished from each other by the value of the power
dex of R. We denote these two components byĉk

u and ĉk
v ,

that is,
02400
i-
d

he

-

ĉk
w5pk

w~r * ,u!Rqw, w5u,v, ~38!

and Eq.~36! becomes

ĉk5ĉk
u1ĉk

v .

We also defineĉw to be the contribution ofĉk
w to ĉ via Eq.

~28!:

ĉw5 (
k50

`

ĉk
wt2n2k, w5u,v, ~39!

so

ĉ5ĉu1ĉv. ~40!

From this point the calculation proceeds in close analo
with that of Ref.@32#. Combining Eqs.~37!–~39!, we obtain

ĉw5Rqw(
i 50

k

(
k50

`

pki
w r * i t2n2k. ~41!

We define

f j
w[Rqw(

k5 j

`

pk,i 5k2 j
w r * k2 j t2n2k ~ j >0!,

and find

ĉw5(
j 50

`

f j
w ~42!

@that is, the termj 50 corresponds to all termsi 5k in Eq.
~41!, the termj 51 corresponds to the termsi 5k21, etc.#.
Next, we defineŵ5r * /t and expressf j

w as

f j
w[Rqwt2n2 jF j

w~ŵ,u!, ~43!

where

F j
w[(

k5 j

`

pk,i 5k2 j
w ŵk2 j .

We now definew̄5u/v and rewrite Eq.~43! as

f j
w[Rqwu2n2 j F̄ j

w~w̄,u!, ~44!

where

F̄ j
w~w̄,u![S 2w̄

12w̄D n1 j

F j
w
„ŵ~w̄!,u…

@we have used heret5u(12w̄)/2w̄ and ŵ5(11w̄)/
(12w̄)#.

In the next stage we use the field equation~31! and apply
the differential operatorD̄ to ĉ5ĉu1ĉv. From the mutual
independence ofĉk

u andĉk
v in the above construction@which

follows from properties~1!,~2! above#, it is obvious that
1-7
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D̄(ĉw) must vanish independently forw5u andw5v. @This
is also evident from the way the operatorD̄ acts onĉu and
ĉv: D̄ does not modify the power index ofR ~see Appen-
dix B!; hence~asquÞqv! it does not mix terms fromĉu with
terms fromĉv.# Substituting Eqs.~42!,~44! in D̄(ĉw)50,
we obtain

05(
j 50

`

D̄~ f j
w!5(

j 50

`

D̄@Rqwu2n2 j F̄ j
w~w̄,u!#. ~45!

Consider the contribution of a particularj to the last expres-
sion. This contribution includes terms proportional
u2n2 j 21 andu2n2 j 22 @each multiplied byRqw and by some
function of w̄; note that a term proportional tou2n2 j does
not appear, becauseD̄(Rqw)50#. One might therefore expec
that Eq.~45! will mix terms of different j. In Appendix B,
however, we show by a direct calculation that this is not
case, andD̄( f j

w) vanishes separately for eachj. One obtains

a simple ordinary differential equation for each functionF̄ j
w ,

whose general solution is

F̄ j
u5aj~u!, F̄ j

v~w̄,u!5b̄ j~u!w̄n1 j , ~46!

whereaj (u) and b̃ j (u) are arbitrary functions ofu. A sub-
stitution of these results in Eqs.~42! and ~44! yields

ĉu5(
j 50

`

f j
u5RiA(

j 50

`

aj~u!u2n2 j ~47!

and

ĉv5(
j 50

`

f j
v5R2s2 iA(

j 50

`

b̃ j~u!v2n2 j . ~48!

Returning fromĉ to c @which amounts to recognizing th
presence ofO(D) corrections#, we split the latter into two
parts,

c5cu1cv,

in accordance with Eq.~40!. Using Eq.~34!, we obtain, from
Eqs.~47!,~48!,

cu5e2 imV2r* (
j 50

`

aj~u!u2n2 j@11O~D!# ~CH!

~49!

and

cv5D2seimV2r* (
j 50

`

bj~u!v2n2 j@11O~D!# ~CH!,

~50!

wherebj5(DR)sb̃j @we may regardbj (u) as the freely speci-
fiable functions ofu, instead ofb̃ j (u)#.

To interpret these results, and especially the oscillati
in r * , we must keep in our mind that~i! c is just the coef-
02400
e

s

ficient of the azimuthal modeeimw in the full perturbation
field C(r ,t,u,w), and~ii ! the coordinatew goes singular at
the CH of the Kerr geometry. More specifically,w grows
unboundedly along regular world lines which intersect t
CH. In order to uncover the physical behavior of the pert
bation field at the CH, we shall transform fromw to a new
regular azimuthal coordinate

f[w2V2t. ~51!

This new coordinate~together with U[2e2k2u, V[
2e2k2v, andu! regularizes the line element~see, e.g.,@27#!,
and along the world line of an infalling observer,f gets a
finite value at the CH. We naturally divide the full perturb
tion field C5c(r ,t,u)eimw into two components,C5Cu

1Cv, according toCw5cweimw. From Eqs.~49!,~50! we
obtain

Cu5eimfe2 imV2u(
j 50

`

aj~u!u2n2 j1O~D! ~CH! ~52!

and

Cv5eimfD2seimV2v(
j 50

`

bj~u!v2n2 j1O~D12s! ~CH!.

~53!

Later we shall also need the relations between
leading-order coefficientsaj 50 ,bj 50 and the leading-orde
coefficients of the late-time expansion,eu ,ev . Substituting
u52t(12r * /t) in Eq. ~47! andv5t(11r * /t) in Eq. ~48!,
collecting terms of the same power of 1/t, and matching the
term proportional tot2n to Eq. ~32!, one finds

aj 505~21!neu , bj 505~DR!sev . ~54!

„This relation shouldnot be interpreted as if the termsk
.0 do not contribute to the leading-order (j 50) term at the
CH. In fact, the termsk.0 do contribute toaj 50 andbj 50 ,
due to the divergence ofpk

w like r * k. However, the coeffi-
cientspk,i 5k

w of these dominant terms are all proportional
eu andev @cf. property~3! above#, which explains the rela-
tion ~54!.…

VI. ASYMPTOTIC BEHAVIOR NEAR
THE EVENT HORIZON

In this section we shall analyze the asymptotic behavio
the EH, as dictated by the late-time expansion~16! and the
field equation. This will allow us to check the consistency
the late-time expansion with the presumed initial data at
EH. It will also provide the boundary conditions for the fun
tions ck and the value of the parametern.

The analysis of the asymptotic behavior at the EH p
ceeds in close analogy with the corresponding analysis a
CH: One simply needs to replace the inner-horizon para
eters by the corresponding event-horizon parameters. We
fine
1-8
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R1~r ![e2k1r* ,

and note thatR1 vanishes at the EH liker 2r 1 andD. At the
EH, D ,r5d, so Eq.~20! is still valid ~with R replaced by
R1!, but this timer 2M>r 12M51d/2. Therefore, the op-
erator D̃1 , which denotes the EH analogue ofD̃, has the
same form as the latter except thatd is replaced by2d andR

by R1 . Defining D̂1[d22D̃1 , we obtain

D̂15R1
12s]R1

~R1
11s]R1

!1~A21 isA!. ~55!

Let us denote the EH analogue ofT̃1,2 by T̃1,2
1 . Recalling that

r 1
2 2a251r 1d, one finds

T̃1
1[2Mr 1~2iam2sd!>T1 ,

T̃2
1[~r 1

2 1a2!2>T2 .

Defining T̂1,2
1 [d22T̃1,2

1 , we obtain

T̂1
15m1@2iA2s#, T̂2

15m1
2 , ~56!

where

m1[~2k1!2152Mr 1 /d5~r 1
2 1a2!/d.

Let ĉ1 andĉk
1 denote the leading order~in D! of c andck ,

respectively, in the neighborhood of the EH. The functio
ĉk

1 are defined to be the~exact! solutions of the local system

D̂1~ ĉk
1!5Nk

1T̂1
1ĉk21

1 1Nk
2T̂2

1ĉk22
1 , ~57!

and ĉ1 is constructed fromĉk
1 by the late-time expansion

ĉ1~r ,t,u![(
k50

`

ĉk
1~r ,u!t2n2k. ~58!

ĉ1 satisfies the asymptotic field equation

~D̂12T̂1
1] t2T̂2

1] tt!ĉ150. ~59!

@Compare Eqs.~57!–~59! to Eqs.~27!–~29!.#
In principle, we could follow the calculation scheme

Sec. V step by step, with the necessary replacement of
parameters by the corresponding EH parameters. It is
sible, however, to proceed in a simpler way and to obtain
asymptotic behavior at the EH directly from that of the C
We first recall that in Sec. V bothĉk and ĉ are completely
determined from Eqs.~27!–~29!. Now, Eqs.~57!–~59! have
exactly the same form as Eqs.~27!–~29!, except that

D̂→D̂1 , T̂1→T̂1
1 , T̂2→T̂2

1 . ~60!

The latter transformation, however, is achieved by

A→2A, m→2m1 , R→R1 ~61!
02400
s

H
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e
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@compare Eqs.~23!,~24! with Eqs.~55!,~56!#. Therefore, the
general solution forĉk

1 andĉ1 is simply obtained from that

of ĉk and ĉ through the transformation~61!. Thus ĉ0
1 will

take the simple form

ĉ0
1~r ,u!5eu

1~u!R
1

qu
1

1ev
1~u!R

1

qv
1

, ~62!

where

qu
152 iA, qv

15 iA2s ~63!

and eu
1 and ev

1 are ~yet! arbitrary functions ofu. For k.0
we have an expression analogous to Eq.~36!:

ĉk
15pk

1u~r * ,u!R
1

qu
1

1pk
1v~r * ,u!R

1

qv
1

,
~64!

where againpk
1u andpk

1v are two polynomials of orderk in
r * ,

pk
1w~r * ,u!5(

i 50

k

pki
1w~u!r * i ~w5u,v !.

~65!

After substituting Eq.~64! into Eq. ~58! and converting the
solution from t and r * to u and v, we find thatĉ15ĉ1

u

1ĉ1
v , where

ĉ1
u 5R1

2 iA(
j 50

`

aj
1~u!u2n2 j ~66!

and

ĉ1
v 5R1

iA2s(
j 50

`

b̃ j
1~u!v2n2 j , ~67!

andaj
1(u) and b̃ j

1(u) are new arbitrary functions ofu @this
result may be obtained by applying the transformation r
~61! to Eqs.~47!,~48!#. The EH analogue of Eq.~34! is

R
1

qu
1

5e2 imV1r* ,

R
1

qv
1

5R1
2seimV1r* >~DR1

!sD2seimV1r* ,
~68!

where

Q1[a/~2Mr 1!52ak1 /d

and

DR1
[ lim

r→r 1

~D/R1!.

Returning fromĉ1 to c, using Eq.~68!, we find that near the
EH c is the sum of the two components
1-9
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c1
u 5e2 imV1r* (

j 50

`

aj
1~u!u2n2 j@11O~D!# ~EH!

~69!

and

c1
v 5D2seimV1r* (

j 50

`

bj
1~u!v2n2 j@11O~D!# ~EH!

~70!

@in analogy with Eqs.~49!,~50!#, wherebj
15(DR1

)sb̃j
1 . Fi-

nally, returning from c to the full perturbation fieldC
5c(r ,t,u)eimw, we conclude that near the EHC is made of
two pieces,

C5C1
u 1C1

v ,

where

C1
u 5c1

u eimw

5eimf1e2 imV1u(
j 50

`

aj
1~u!u2n2 j1O~D! ~EH!

~71!

and

C1
v 5c1

v eimw

5eimf1D2seimV1v(
j 50

`

bj
1~u!v2n2 j1O~D12s! ~EH!.

~72!

f1[w2V1t is the above-mentioned azimuthal coordina
which is regular at the EH.

The analysis of the asymptotic behavior at the EH up
this point was solely based on the local field equations
the late-time expansion. We have not explicitly taken in
account yet the presumed initial data~except that these initia
data were the motivation for the late-time expansion!. Note
the consistency of Eq.~72! with Eq. ~15!. Matching these
two equations yields

n5n0 ~73!

and

bj
1~u!5Cj~u!. ~74!

In addition, fors<0 this matching implies thatC1
u is actu-

ally absent; that is, the coefficientsaj
1(u) must vanish for
02400
o
d

eachj:2

aj
1~u!50 ~s<0!. ~75!

This equality can also be established from the demand
regularity. Consider the contribution of a nonvanishing co
ficient aj

1 to the componentsFaU1
or CaU1bU1

of the Max-
well or Weyl tensors, respectively. Herea,b stand for the
~regularized! angular coordinatesu,f1 , and U1 is the
Kruskal-like coordinateU1[ek1u, which is regular at the
EH ~whereU150!. One can easily verify that fors,0 this
contribution diverges at the EH likeU1

2usu ~modulated by
oscillations and by some logarithmic factor!.

Note also the EH analogue of Eq.~54!, that is,

aj 50
1 5~21!neu

1 , bj 50
1 5~DR1

!sev
1 . ~76!

@For s,0, however, Eq.~75! implies that the first equality
reduces toaj 50

1 5eu
150.#

VII. DECOMPOSITION INTO SPHERICAL HARMONICS

We now decomposec(r ,t,u) in spin-weighted spherica
harmonics:

c~r ,t,u!5(
l

sŶl
m~u!c l~r ,t !,

~77!

ck~r ,u!5(
l

sŶl
m~u!ck

l ~r !,

where sŶl
m(u) is theu-dependent part of the standard spi

weighted spherical harmonicsYl
m(u,w), that is, sYl

m(u,w)

5sŶl
m(u)eimw. ~Note that due to the completeness of t

family of spin-weighted spherical harmonics for eachs, this
decomposition is well defined regardless of separab
ty.! The late-time expansion~16! now takes the form

c l~r ,t !5 (
k50

`

ck
l ~r !t2n2k. ~78!

The functionsck
l satisfy the ordinary differential equation

Dl~ck
l !5Sk

l , ~79!

where

2Equation~75! does not necessarily hold fors.0, because in this
case the contribution from nonvanishingaj

1 may be overshadowed
by theO(D12s) terms in Eq.~15! or Eq. ~72!. This cannot happen
for s<0, because in this case the contribution from nonvanish
aj

1 would dominateC ~or C ,U1
for s50! at the EH. The regularity

argument below is also inconclusive in the cases.0. @For s50,
one may derive Eq.~75! by demanding regularity of thegradientof
the scalar field.# Note, however, that Eq.~74! is valid for any
s: In the cases.0, the entire contribution from Eq.~71! to C is
negligible; in the cases,0, this contribution vanishes because a
coefficientsaj

1 vanish.@In the latter case, an investigation of th
termsO(D) in Eq. ~71!, which is beyond the scope of the prese
paper, yields that these higher-order terms vanish if all coefficie
aj

1 vanish.#
1-10
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Dl[D12s] r~D11s] r !1a2m212isam~r 2M !

2D~ l 2s!~ l 1s11!. ~80!

The source termSk
l in Eq. ~79! is given by

Sk
l 5S̄k

l 1Ŝk
l 1S̃k

l , ~81!

where

S̄k
l 5Nk

1T̄1ck21
l 1Nk

2T̄2ck22
l ,

Ŝk
l 52isaNk

1D(
l 8

l l l 8ck21
l 8 ,

S̃k
l 52a2Nk

2D(
l 8

h l l 8ck22
l 8 . ~82!

The parametersl l l 8 andh l l 8 ~which also depend onm ands!
are the expansion coefficients of cosusYl8

m(u) and
sin2 usYl8

m(u), respectively, insYl
m(u). The explicit values of

these coefficients are given in Ref.@46#. For our purpose it is
sufficient to recall that, for a givenl, there are~at most! three
nonvanishing coefficientsl l l 8 , l 85 l ,l 61, and five nonvan-
ishing coefficientsh l l 8, l 85 l ,l 61,l 62.

The source termSk
l couples modes of differentl—a con-

sequence of the lack of spherical symmetry in the Kerr ba
ground. However, a functionck

l is only coupled to~finite

number of! functions ck8
l 8 with k8,k. The equations en

folded in Eq.~79! can therefore be solved one at a time.
The asymptotic behavior ofc l andck

l at the two horizons
is derived from the expressions in the last two sections b
straightforward decomposition into spin-weighted spheri
harmonics. Here we mention those expressions which
important for the analysis below. Equations~32! and ~62!
become

ĉk50
l ~r !5eu

l Rqu1ev
l Rqv ~CH! ~83!

and

ĉk50
1 l ~r !5eu

1 lR
1

qu
1

1ev
1 lR

1

qv
1

~EH!.
~84!

Equations~52!,~53! and ~71!,~72! may now be expressed a

Cu5e2 imV2m(
l

sYl
m~u,f!(

j 50

`

aj
l u2n02 j1O~D! ~CH!,

~85!

Cv5D2seimV2v(
l

sYl
m~u,f!(

j 50

`

bj
l v2n02 j

1O~D12s! ~CH! ~86!

and
02400
-
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C1
u 5e2 imV1u(

l
sYl

m~u,f1!(
j 50

`

aj
1 lu2n02 j

1O~D! ~EH!, ~87!

C1
v 5D2seimV1v(

l
sYl

m~u,f1!(
j 50

`

bj
11v2n02 j

1O~D12s! ~EH!. ~88!

Note also the mode decomposition of Eqs.~54! and ~76!,
which yields

aj 50
l 5~21!n0eu

l , bj 50
l 5~DR!sev

l ~89!

and

aj 50
1 l 5~21!n0eu

1 l , bj 50
1 l 5~DR1

!sev
1 l .

~90!

Also, Eqs.~74! and ~75! now become

aj
1 l50 ~s<0! ~91!

and

bj
1 l5Cj

l . ~92!

In particular, Eq.~14! implies

bj 50
1 l 5Cj 50

l 5C0d l ,l 0
. ~93!

VIII. GLOBAL SOLUTION FOR k50

The asymptotic behavior at the CH is at the leading or
governed by thek50 term in the late-time expansion, whic
dictates the leading-order (j 50) coefficients@cf. Eq. ~54! or
its mode decomposition~89!#. The functionsck50

l satisfy the
homogeneous equation

Dl~c0
l !50. ~94!

This is just the field equation of a stationary~i.e., v50!
perturbation modelms in the Kerr geometry. We express th
general solution of this equation as

ck50
l 5AlFu

l ~r !1BlFv
l ~r !, ~95!

whereFu
l and Fv

l are two independent basis solutions, a
Al ,Bl are arbitrary constants~to be determined from the ini
tial data at the EH!. Occasionally we shall omit the indexl
from Fu,v

l for brevity.
For modesmÞ0, we take the two basis solutions to be

Fu
l ~r !5S 12x

11xD 2 iA

F„s2 l ,s1 l 11;s1112iA;~x11!/2…

~96!

and @47#
1-11
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Fv
l ~r !5D2sS 12x

11xD iA

3F„2s2 l ,2s11;2s1122iA;~x11!/2….

~97!

Here,

x[
2r 2r 12r 2

r 12r 2
, ~98!

and F denotes the hypergeometric function@48#. Note that
both hypergeometric functions are polynomials in our ca
because the first index is a nonpositive integer.

In the casem50, A vanishes, and only one of the abov
two hypergeometric functions is well defined~the one in
which the third index is strictly positive!. Let us denote this
well-defined solution byFa : Fa is Fu for s.0 andFv for
s,0. ~The cases50, m50 is not considered here: It wa
already treated in Ref.@32#.! The other solution, which we
denote Fb , is obtained by the Wronskian method. Th
WronskianW of the differential equation~94! may be easily
calculated,

W5D2s213const, ~99!

andFb is given by

Fb~r !5Fa~r !E r

Fa
22~r 8!W~r 8!dr8. ~100!

This integral is elementary for integerl,s. Note thatFb is
well defined and smooth throughoutr 2,r ,r 1 : The ze-
ros ofFa ~which are all simple! do not cause a singularity in
Eq. ~100!, because of the factorFa which multiplies the in-
tegral.

Later we shall also need the asymptotic form of the t
basic solutions at the two horizons, located atx51 ~the EH!
and x521 ~the CH!. Consider first the casemÞ0. Both
hypergeometric functions have finite nonvanishing value
the two pointsx561.3 At the EH,

12x}r 2r 1}D}R1 ~EH!, ~101!

and hence

Fu~r !}R1
2 iA , Fv~r !}R1

iA2s ~EH!. ~102!

At the CH,

3The regularity atx521 andx51 is guaranteed because bo
hypergeometric functions are polynomials~as the first index is a
nonpositive integer!. At x521 the argument vanishes an
F(a,b;c;0)[1. At x51 the hypergeometric function gets the val

F~a,b,c;1!5G~c!G~c2a2b!/G~c2a!G~c2b!.
Sincea andb are real, butc is not ~asmÞ0!, all four G functions
are finite and nonvanishing, so the hypergeometric function is n
vanishing.
02400
e,

at

11x}r 2r 2}D}R ~CH!, ~103!

and so

Fu~r !}RiA, Fv~r !}R2 iA2s ~CH!. ~104!

Consider next the asymptotic behavior at the two horizo
in the casem50. For s.0, Fa5Fu}D0 ~recall A50!, and
the integrand in Eq.~100! is proportional toD2s21, leading
to Fb}D2s. DefiningFv[Fb in this case~m50, s.0!, we
recover Eqs.~102!,~104!. For s,0, Fa5Fv}D2s and the
integrand in Eq.~100! is proportional toDs21, leading to
Fb}D0. Defining Fu[Fb in this case~m50, s,0!, we
again recover Eqs.~102!,~104!.

The globalk50 solution allows us to relate the leading
order coefficients at the EH to those at the CH. The match
of Eqs.~95!, ~102!, and~104! to Eqs.~83! and ~84! yields

eu
1 l}Al ~s<0!, ev

1 l}Bl ~s>0! ~105!

at the EH, and

eu
l }Al ~s<0!, ev

l }Bl ~s>0! ~106!

at the CH. @The restriction tos>0 or s<0 results from
possibleO(D) terms involved in the transition fromĉ ~or
ĉ1! to c. TheseO(D) terms may affect the matching of th
subdominant components ofĉ andĉ1 . But the matching of
the dominant components, i.e.,ĉu,ĉ1

u for s<0 andĉv,ĉ1
v

for s>0, is not affected. In Appendix D we shall show
however, that the second proportionality relation in Eq.~105!
holds fors,0 too.# Consequently,

eu
l }eu

1 l ~s<0!, ev
l }ev

1 l ~s>0!. ~107!

When combined with Eqs.~89!,~90!, this implies

aj 50
l }aj 50

1 l ~s<0!, bj 50
l }bj 50

1 l ~s>0!. ~108!

@The proportionality constants involved in Eqs.~105!–~108!
are all trivial nonvanishing numbers whose explicit valu
are not important for the present discussion.#

IX. ASYMPTOTIC BEHAVIOR AT THE CH:
LEADING-ORDER COEFFICIENTS

For the completion of the analysis of the asymptotic b
havior at the CH we still need to calculate the leading-or
( j 50) coefficients in Eq.~85! or ~86!. It will be convenient
to distinguish at this stage between the casess.0, s,0, and
s50.

A. Casess51 and s52

In this case, the asymptotic behavior at the two horizo
is dominated byC1

v andCv, which both diverge likeD2s,
so we need to determine the parametersbj 50

l . Combining
Eqs.~93! and ~108!, we find bj 50

l }C0d l ,l 0
. It is convenient

to rewrite this relation as

bj 50
l 5C0avd l ,l 0

, ~109!
n-
1-12
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where av is a nonvanishing constant. In Appendix C w
calculateav explicitly and show that

uavu51. ~110!

Substituting Eq.~109! into Eq. ~86!, we obtain the overall
leading-order asymptotic behavior at the CH:

C5C0av sYl 0
m~u,f!D2seimV2vv2n01O~v2n021!

1O~D12s! ~CH, s.0!. ~111!

Note that the most dominantm modes at late time~for a
given s! are those with2usu<m<usu, which have the mini-
mal value ofl 0 ~andn0!:

l 05usu, n052usu13. ~112!

As we pointed out in Sec. III, the coefficientC0 vanishes
for m50, s.0 @43#. The term j 50 in Eq. ~86! or ~53!
entirely vanishes in this case, and the asymptotic behavio
the CH is dominated by the termk51:

C5b1~u!D2sv2n0211O~v2n022!

1O~D12s! ~CH, s.0, m50!. ~1118!

The present evidence from preliminary calculations is t
b1(u) has a nonvanishing contribution froml 5 l 0 only @that
is, b1(u)5const3sYl0

0 (u)#, but this is still to be verified.

B. Casess521 and s522

In this case the perturbation at the CH is dominated byCu

~as Cv decays likeD usu!, so it will be determined from the
parametersaj

l in Eq. ~85!. Consider first the~would-be!
leading-order termj 50. From Eqs.~91! and ~108! we find
that

aj 50
l 50, ~113!

so the j 50 term entirely vanishes. The overall asympto
behavior fors,0 will therefore be determined by the ter
j 51 in Eq.~85!—provided that this term is nonvanishing~at
least for onel!. The calculation of the coefficientsaj 51

l re-
quires the analysis of thek51 term in the late-time expan
sion. This analysis is carried out in Appendix D, and it yiel

aj 51
l 5C0aud l ,l 0

, ~114!

where au is a constant. Therefore, the leading-ord
asymptotic behavior at the CH is

C5C0au sYl 0
m~u,f!e2 imV2uu2n0211O~u2n022!

1O~D! ~CH, s,0!. ~115!

In Appendix D we show that at least for the dominantm
modes,2usu<m<usu, the parameterau is nonvanishing~ex-
cept perhaps for isolated values ofa/M !.
02400
at
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C. Cases50

Since this case has not much physical motivation,
shall not present here the detailed calculation of the coe
cients, but just quote the final result:

C5C0Yl 0
m~u,f!@aveimV2vv2n01aue2 imV2uu2n021#

1O~v2n021!1O~u2n022!1O~D!

~CH, s50, mÞ0!,

whereC0 is the mode’s initial amplitude at the EH.
For completeness we also quote here the analogous

pression for axially symmetric scalar-field modes, derived
Ref. @32#:

C>C0Pl 0
~cosu!~21! l 0@Bv2n01~21!n0Au2n0#

1O~v2n021!1O~u2n021!1O~D!

~CH, s50, m50!,

where

A5
1

2
~12r 1 /r 2!, B5

1

2
~11r 1 /r 2!.

X. SUMMARY

In this paper we have derived explicit expressions for
asymptotic behavior of the Newman-Penrose gravitatio
and electromagnetic perturbations near the CH of a Kerr B
In general, the asymptotic expressions include three imp
tant ingredients.

~i! D factors: D2s for s.0 andD0 for s,0.
~ii ! Inverse powers: v2n0 ~v2n021 for vanishingm! for

s.0 andu2n021 for s,0, where genericallyn052usu13.
~iii ! Oscillations: A factoreimV2v for s.0 and a factor

e2 imV2u for s,0.
The D factors are of primary importance, because th

mark the divergence~or otherwise! of the various fields at
the CH. One can easily verify that the factorD2s for s.0
indeed implies a divergence of the Maxwell componentsFaV
and the Weyl componentsWaVbV like D2s at the CH~this
divergence is slightly softened by the inverse power ofv!.
Similarly, the factorD0 for s,0 implies finite components
FaU andWaUbU . Here the indicesa andb stand for the two
angular coordinatesu and f, and V and U are the two
Kruskal-like coordinates of the inner horizon,V[2e2k2v,
U[2e2k2u. ~The set of coordinatesU,V,u,f is regular at
the CH, so the above tensorial componentsFaV andWaVbV
properly express the divergence of the Maxwell and W
tensors, respectively.!

The divergence of the gravitational perturbation fields
52 indicates the presence of a curvature singularity, wh
certain components of the Weyl tensor, as measured b
freely falling observer heading towards the CH, diverge. T
divergence rate of curvature, expressed in terms of the
server’s proper timet ~with t50 at the CH!, is proportional
to
1-13
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t22~ lnutu!2n0e2 im~2a/d!lnutu

in the generic nonaxially symmetric case and
t22(lnutu)2n021 for axially symmetric perturbations. It is pos
sible to show that the curvature scalarRabgdRabgd also di-
verges at the CH, but this is beyond the scope of the pre
paper.

For all modesmÞ0, the divergence of the fieldss51,2 is
modulated by the factoreimV2v which exhibits infinite num-
ber of oscillations on the approach to the CH. Note that n
the CH the nonoscillatory, axially symmetric (m50) modes
of the fieldss51,2 are smaller by~at least! a factorv com-
pared to the corresponding oscillatory modes withmÞ0.

It should be emphasized that although the analysis in
paper was restricted to linear perturbations, it properly
scribes~at the leading order! the fully nonlinear structure o
the curvature singularity at the early portion of the CH. Th
is because the CH singularity is essentially linear, that is,
nonlinear corrections~e.g., in terms of curvature! are negli-
gible compared to the linear terms analyzed here. This
ture ~discussed in Sec. I! is deduced by comparing the linea
and nonlinear terms in the systematic nonlinear perturba
expansion@20#. For example, by examining the second-ord
metric perturbation, one can show that thes52 Newman-
Penrose field associated with the second-order perturbati
smaller than the corresponding first-order term~111! by ~at
least! a factorv25 or u25. In this sense, the analysis pr
sented here and that of Ref.@20# complement each
other: The analysis in Ref.@20# ensures that the nonlinea
perturbations are negligible, and the analysis here g
much more detailed information about the linear perturbat
and, hence, about the overall structure of the CH singula
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APPENDIX A

We shall seek solutions to the system~27! of the form

ĉk5pk
w~r * !Rqw[ĉk

w ~A1!

wherew5u,v, andpk
w(r * ) are polynomials of orderk in r *

~throughout most of this appendix we omit the argumenu,
because the parametric dependence onu is irrelevant to the
analysis here!. Applying the operatorD̂, Eq. ~30!, to Eq.
~A1!, and recalling thatD̂(Rqw)50, we obtain

D̂~ ĉk
w!5@~pk

w!92~s12qw!~pk
w!8#Rqw, ~A2!

where in this appendix a prime denotes]x, andx [ r * /m.
The differential equation~27! now reduces to

~pk
w!92~s12qw!~pk

w!85Nk
1T̂1pk21

w 1Nk
2T̂2pk22

w .
~A3!
02400
nt

ar

is
-

e

a-

n
r

is

s
n
y.

ch
al

We define

Gk[~pk
w!8, z[2~s12qw!, Zk[N̂kpk21

w 1Ñkpk22
w

~A4!

~with pk,0
w [0, and henceZk5050!, whereN̂k[Nk

1T̂1 and

Ñk[Nk
2T̂2 . The parameterz is nonvanishing, asz56(s

12iA)Þ0 ~with a negative sign forw5u and a positive
sign for w5v!. N̂k is nonvanishing too, as bothNk

1 and T̂1

are nonzero. Equation~A3! now reads

Gk81zGk5Zk . ~A5!

We need to show that this system has a family of polynom
solutions, with a free parameterCk

w ~in fact, a free function
of u! for each k. @Although the general solution of th
second-order equation~A3! has two free parameters for eac
k, it will be sufficient for us to construct a family of polyno
mial solutions with one free parameter for eachk, as we
explain below.# More specifically, we shall construct
family of solutions in whichpk

w is a polynomial of orderk
~andGk is a polynomial of orderk21! in x.

First, we construct the polynomial solutionpk
w explicitly

for k50 andk51. For k50, Zk vanishes, so Eq.~A5! ad-
mits the trivial solutionG050, and thereforepk50

w 5const
[C0

w ~a zero-order polynomial!. For k51, Zk is a constant,

Z15N̂1C0
w , so Eq.~A5! has the trivial solution

G15N̂1C0
w/z5const

and, correspondingly,

pk51
w 5~N̂1C0

w/z!x1C1
w .

We shall now construct the polynomial solutionpk
w for all

k.1 by induction. Assume that we have already construc
the polynomialspk

w ~with the above properties! for all k< k̄

21, for somek̄>2. In particular,p
k̄21

w
and p

k̄22

w
are poly-

nomials of ordersk̄21 andk̄22, respectively. Then,Zk̄ is a
polynomial of orderk̄21, which we express as

Zk̄5 (
i 50

k̄21

Z
k̄

i
xi .

~Note that from this point and up to the end of this append
i is an index of summation andnot A21.! Let us write Eq.
~A5! for k5 k̄ in the form

Gk̄5z21~Zk̄2G
k̄
8!.

This equation has a unique polynomial solution

Gk̄5 (
i 50

k̄21

G
k̄

i
xi , ~A6!

whereG
k̄

i 5 k̄21
5z21Z

k̄

i 5 k̄21
, and

G
k̄

i
5z21@Z

k̄

i
2~ i 11!G

k̄

i 11
# ~A7!
1-14
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for 0< i< k̄22. This formula allows us to construct the c

efficients G
k̄

i
one by one, i.e., firstG

k̄

i 5 k̄22
, then G

k̄

i 5 k̄23
,

etc., until the entire polynomialGk̄ in Eq. ~A6! is con-
structed.

Transforming back fromGk to the original unknownspk
w ,

we obtain

p
k̄

w
5(

i 50

k̄

P
k̄

i
xi ,

whereP
k̄

i 50
[C

k̄

w
is an arbitrary constant of integration, an

P
k̄

i
5 i 21G

k̄

i 21

for 0, i< k̄. This completes our construction.
We have constructed a family of polynomials of orderk in

x ~or r * !,

pk
w~x,u!5(

i 50

k

Pk
i ~u!xi , ~A8!

which, when substituted in Eq.~A1!, solve the system~27!.
Transforming back fromx to r * 5mx, we recover Eq.~37!,
with pki

w 5m2 i Pk
i .

Although the general solution of the second-order diff
ential equation~A3! is obviously a two-parameter family~for
eachk andw!, here the restriction to the one-parameter fa
ily of polynomial solutions does not cause any loss of g
erality, for the following reason. Our goal is to construct t
general solution of Eq.~27!, which is a two-parameter family
for eachk. Substituting our polynomial solutions into Eq
~A1! and in ĉk5ĉk

u1ĉk
v , we find that overall our genera

solution indeed depends on two arbitrary parameters for e
k, Ck

u andCk
v , as required.4

The above construction of the polynomial solution~A8!
guarantees that property~1! is satisfied. Property~2! follows
from the form ofZk in Eq. ~A4! @via Eq. ~A7!#. To verify
property~3!, we focus our attention on the highest-order c
efficient in Eq.~A8!, i.e., Pk

i 5k . The above construction im
plies that, fork>1,

Pk
i 5k5~kz!21N̂kPk21

i 5k21,

which ~as N̂kÞ0, andew[p00
w 5P0

0! leads to property~3!.

4One may be concerned about the meaning of the other solut
not included in the one-parameter family constructed here. Th
are nonpolynomial solutions, which simply transfer the solut

from a u type to av type ~i.e., from ĉk
u to ĉk

v!, and vice versa.
Namely, they are proportional toR6(qu2qv). These solutions are
already represented in the general solution of Eq.~27! as polyno-
mial solutions of the other type.
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APPENDIX B

By virtue of Eqs.~42!,~44!, the equationD̄(ĉw)50 im-
plies

(
j 50

`

D̄~ f j
w![(

j 50

`

D̄@Rqwu2n2 j F̄ j
w~w̄,u!#50. ~B1!

We shall now show that in both casesw5u and w5v,
D̄( f j

w) vanishes for eachj separately. Then we shall solv

this equation and findF̄ j
w for eachj.

1. Casew5u

A straightforward calculation shows that the contributi
of a particularj to Eq. ~B1! is

D̄~ f j
u!5D̄@RiAu2n2 j F̄ j

u~w̄,u!#

52mw̄2RiA$@~2iA1s!F̄ j ,w̄
u #u2n2 j 21

12m@2w̄F̄ j ,w̄w̄
u 1~n1 j 21!F̄ j ,w̄

u #u2n2 j 22%.

~B2!

For j 50 this expression includes a term proportional
u2n21. Since no otherj contributes a term with the sam
inverse power, this contribution ofj 50 must vanish, so
F̄ j 50,w̄

u 50. But then the second term in the brackets on
right-hand side of Eq.~B2! vanishes too, so

D̄~ f j 50
u !50. ~B3!

The same argument can now be applied toj 51 @because Eq.
~B3! ensures that no contribution proportional tou2n22

emerges from the termj 50#, leading toF̄ j 51,w̄
u 50 and con-

sequently D̄( f j 51
u )50. Applying this argument term by

term, we end up with the equationD̄( f j
u)50 for all j, along

with F̄ j ,w̄
u 50. We express the general solution of this equ

tion as

F̄ j
u5aj~u!, ~B4!

whereaj (u) is an arbitrary function ofu.

2. Casew5v

In this case the contribution of a particularj to Eq.~B1! is

D̄~ f j
v!5D̄@R2 iA2su2n2 j F̄ j

v~w̄,u!#

52mR2 iA2s$~2iA1s!@w̄F̄ j ,w̄
v 2~n1 j !F̄ j

v#u2n2 j 21

12mw̄2@2w̄F̄ j ,w̄w̄
v 1~n1 j 21!F̄ j ,w̄

v #u2n2 j 22%.

Again, for j 50 there is a contribution proportional t
u2n21, which cannot be cancelled by any otherj. Therefore,
F̄0

v must satisfy the differential equationw̄F̄0,w̄
v 5nF̄0

v . Dif-
ferentiating this equation with respect tow̄, we find that the

s,
se
1-15
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second term in the squared brackets vanishes too, soD̄( f 0
v)

50. We can now repeat the argument forj 51, showing that
D̄( f 1

v)50, then for j 52, etc. We find that for eachj the
demand that the contribution proportional tou2n2 j 21 vanish
implies

w̄F̄ j ,w̄
v 5~n1 j !F̄ j

v , ~B5!

and when differentiating this equation with respect tow̄, the
contribution proportional tou2n2 j 22 vanishes too, so
D̄( f j

v)50 for all j. The general solution of Eq.~B5! is

F̄ j
v5b̃ j~u!w̄n1 j ,

whereb̃ j (u) is an arbitrary function ofu.

APPENDIX C

We shall calculate here the coefficientav , describing the
ratio between the leading-order tail amplitude at the CH a
the initial tail amplitude at the EH fors.0. By virtue of Eqs.
~109! and ~93!, we have

av5
bj 50

l 0

C0
5

bj 50
l 0

bj 50
1 l 0

. ~C1!

For s.0, C is dominated at the two horizons byCv and
C1

v . Similarly, the functionck50
l is dominated at the two

horizons by the second term on the right-hand side of
~83! or ~84!:

ck50
l ~r !>ev

l Rqv ~CH!,

ck50
l ~r !>ev

1 lR
1

qv
1

~EH!,

whereqv52 iA2s and qv
15 iA2s. It is convenient to re-

write these two asymptotic expressions as

ck50
l ~r !>ẽv

l D2sR2 iA5ẽv
l D2seimV2r* ~CH! ~C2!

and

ck50
l ~r !>ẽv

1 lD2sR1
iA5ẽv

1 lD2seimV1r* ~EH!
~C3!

@cf. Eqs.~34!,~68!#, with new coefficientsẽv
l and ẽv

1 l . Sub-
stitute nowv5t(11r * /t) into the asymptotic expression
~86! and ~88! for Cv and C1

v , collect terms of the same
power of 1/t, and compare the coefficient oft2n0 to Eqs.
~C2!,~C3!. One finds

bj 50
l 5ẽv

l , bj 50
1 l 5ẽv

1 l . ~C4!

Therefore, in order to determineav we need the relation
betweenẽv

l and ẽv
1 l ~particularly for l 5 l 0!. These two pa-
02400
d

q.

rameters can be obtained from the globalk50 solution~95!.
Comparing Eqs.~C2! and ~97!, we find, at the CH,5

ẽv
l 5Bl lim

r→r 2

FR
~12x!

11x G iA

5Bl lim
r→r 2

@2R/~11x!# iA

@we have used hereF(a,b;c;0)[1#. Similarly, from Eq.
~C3! we find, at the EH,

ẽv
1 l5Bl lim

r→r 1

@2R1 /~12x!#2 iA

3F~2s2 l ,2s1 l 11;2s1122iA;1!.

Equations~C1! and ~C4! now yield

av5
ẽv

l 0

ẽv
1 l 0

5L iAG, ~C5!

where

L[ lim
r→r 2

@2R/~11x!# lim
r→r 1

@2R1 /~12x!#

and

G[1/F~2s2 l 0 ,2s1 l 011;2s1122iA;1!

5
G~2 l 022iA !G~ l 01122iA !

G~s22iA !G~12s22iA !
.

SinceA andL are real,L iA is a pure phase factor. As it turn
out, this factor depends on the choice of integration cons
in the definition ofr * (r ), i.e., dr* 5@(r 21a2)/D#dr. It is
therefore not so clear whether this phase factor has m
physical meaning.~One can relate this phase ambiguity
the fact thatV1ÞV2 .! With the convenient choice

r * ~r !5r 1
r 1

2 1a2

r 12r 2
logu~r 2r 1!/M u2

r 2
2 1a2

r 12r 2

3 logu~r 2r 2!/M u,

a direct calculation ofR[e22k2r* and R1(r )[e2k1r*

yields

2R/~11x!>e2d/2M~d/M !2d/r 2 ~CH!

and

2R1 /~12x!>ed/2M~d/M !d/r 1 ~EH!,

so one obtains

L5~d/M !2d2/a2
. ~C6!

5This calculation holds for nonvanishingm. For m50, Eq.~97! is
ill defined and must be replaced by Eq.~100!. One can show that in
this case, too,uavu51. However, we do not need to calculateav for
m50, because the coefficientC0av in Eq. ~111! anyway vanishes
in this case~asC050!.
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We are primarily interested here in the absolute value
av . It is easy to verify that for any integersl 0>s.0 and
real AÞ0, uGu51. It therefore follows from Eq.~C5! that

uavu51. ~C7!

APPENDIX D

In this appendix we analyze the termk51 in the late-time
expansion, fors,0, in order to find out whether the termj
51 in Eq. ~85! vanishes or not.

We first summarize the results for the termk50 ~which
serves as a source term fork51!. The functionck50

l satis-
fies the homogeneous equationDl(c0

l )50, whose genera
solution is given in Eq.~95!. Equations~90!, ~91!, and~105!
imply

eu
1 l5Al50 ~D1!

and, therefore,

ck50
l 5BlFv

l ~r ! ~s,0!. ~D2!

When we originally derived the relationev
1 l}Bl in Eq.

~105!, we restricted it tos>0, because residualO(D) terms
involved in the transition fromĉ1

u ~the dominant componen

of ĉ1 for s,0! to c1
u might overshadow the subdomina

componentc1
v . However, Eq.~91! implies that the compo-

nent ĉ1
u entirely vanishes fors<0. Therefore, no such re

sidualO(D) terms are present, and we can safely matchĉ1
v

to c1
v ~at the leading order inD!. In particular, the matching

of the term k50 @i.e., matchingBlFv
l (r ) in Eq. ~95! to

ev
1 lR

1

qv
1

in Eq. ~84!# impliesev
1 l}Bl for s,0 too. Equations

~90! and ~93! now yield Bl}C0d l ,l 0
, which we reexpress a

Bl5B0d l ,l 0
, ~D3!

where B0 is a nonvanishing parameter proportional to t
initial perturbation at the EH:

B0}C0 . ~D4!

The functionsck.0
l satisfy the inhomogeneous equatio

Dl~ck
l !5Sk

l .

The general solution of this equation can be expressed a

ck
l 5Ak

l ~r !Fu
l ~r !1Bk

l ~r !Fv
l ~r !, ~D5!

with

Ak
l ~r !5E r

D~r 8!22Sk
l ~r 8!Fv

l ~r 8!W~r 8!21dr8 ~D6!

and
02400
f
Bk

l ~r !52E r

D~r 8!22Sk
l ~r 8!Fu

l ~r 8!W~r 8!21 dr8,

~D7!

whereD(r 8)[(r 82r 1)(r 82r 2) andW is the Wronskian of
the two homogeneous solutionsFu

l ,Fv
l . @The factor D22

emerges from the factorD2 which multiples] rr in the dif-
ferential operatorDl—cf. Eq. ~80!.#

We need to evaluate the asymptotic behavior ofck51
l near

the two horizons at orderD0. Let us first show that the term
Bk

l (r )Fv
l (r ) in Eq. ~D5! does not contribute at this orde

From Eqs.~D2! and ~81!,~82! we have

Sk51
l }Fv

l .

By virtue of Eqs.~99!, ~102!, and~104!, the integrand in Eq.
~D7! behaves at both horizons likeD21, so the integral di-
verges logarithmically. However, sinceFv

l vanishes like
D2s, the termBk51

l (r )Fv
l (r ) will vanish at both horizons,

and the entire contribution at orderD0 will come from the
first term in Eq.~D5!:

ck51
l >Ak51

l ~r 2!Fu
l ~r ! ~CH!. ~D8!

Similarly, at the EH the contribution at orderD0 is

ck51
l >Ak51

l ~r 1!Fu
l ~r ! ~EH!.

@As we shall show below,Ak51
l (r 1) vanishes, which actu-

ally means that theO(D usu) contribution fromĉk51
1v domi-

natesck51
l at the EH. However, the contribution~D8! at the

CH does not vanish. We need to show the vanishing
Ak51

l (r 1) in order to obtain the integration constant in E
~D6!.#

In the next step we relate the termAk51
l (r )Fu

l (r ) to the
coefficientsaj 51

1 l and aj 51
l in the asymptotic expression

~85!,~87!. Equations~D1! and~106! imply eu
l 5eu

1 l50 for all
l, and henceeu5eu

150. At the CH,eu50 yields pk51,i 51
u

50 @as implied by property~3! in Sec. V#, so pk51
u

5pk51,i 50
u . Substituting this in Eq.~36!, decomposing into

spherical harmonics, and recalling that, fors,0, ĉk
v1 does

not contribute at orderD0 near the CH, we obtain

ck51
l >ĉk51

ul 5p10
ulRiA ~CH!, ~D9!

wherep10
ul[pk51,i 50

ul 5const. Matching this to the asymptoti
expression~D8! @recalling the asymptotic form ofFu

l (r ) at
the CH, Eq.~104!# yields

p10
ul}Ak51

l ~r 2! ~D10!

~the proportionality factor in the last expression is a triv
nonvanishing constant!. We now substituteRiA5e2 imV2r*

@cf. Eq. ~34!# into Eq. ~D9! and u52t(12r * /t) and aj 50
l

50 into Eq.~85!. Matching the ordert2n021 of the latter to
Eq. ~D9! yields aj 51

l 5(21)n011p10
ul . Combining this with

Eq. ~D10!, we obtain the required relation at the CH:
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aj 51
l }Ak51

l ~r 2!. ~D11!

Repeating the same matching procedure at the EH, one
tains the analogous relation

aj 5 l
1 l }Ak51

l ~r 1!. ~D12!

~Recall that in the last two equations the proportionality fa
tors are nonvanishing constants.!

The integration constant in Eq.~D6! is now determined
from Eq.~D12!. This equation, combined with the regulari
condition ~91!, implies

05aj 51
1 l 5Ak51

l ~r 1!.

Therefore, in Eq.~D6! the lower limit of integration must be
r 1 . DefiningEl[Ak51

l (r 2), we obtain

El5E
r 1

r 2

D22Sk51
l Fv

l W21 dr, ~D13!

and Eq.~D11! reads

aj 51
l }El . ~D14!

We turn now to evaluate the integral in Eq.~D13!. In
view of Eq. ~81!, we denote the contributions ofS̄k51

l and

Ŝk51
l to El by Ēl and Êl , respectively:

Ēl5N1
1E

r 1

r 2

D22T̄1ck50
l Fv

l W21 dr

5d l ,l 0
B0N1

1E
r 1

r 2

D22T̄1~Fv
l 0!2W21 dr ~D15!

and

Êl52isaN1
1(

l 8
l l l 8E

r 1

r 2

D21ck50
l 8 Fv

l W21 dr

52isaN1
1B0l l l 0

E
r 1

r 2

D21Fv
l Fv

l 0W21 dr, ~D16!

where we have usedck50
l 5B0d l ,l 0

Fv
l , which follows from

Eqs.~D2!,~D3!. ~Clearly, S̃k
l and any term inSk

l proportional

to ck22
l 8 do not contribute toEl .! Note that the only pos-

sible nonvanishingÊl is for l 5 l 0 andl 5 l 011 ~becausel l l 0

vanishes forl . l 011, and a model , l 0 does not exist!.
So far we have considered all values ofm, and we had

l 05max(umu,usu) andn052l 013. For a givens, the minimal
value of l 0 ~and n0! is achieved for them values2usu<m
<usu, which yield

l 05usu, n052usu13.

We shall now restrict our attention to these values ofm, as
they dominate the overall late-time behavior in a gene
situation.
02400
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We first calculateÊl for l 5 l 011512s. In this case the
last integrand in Eq.~D16! becomes

S 12x

11xD 2iA

@~12s!x12iA#D2s3const.

Its integral is elementary,

S 12x

11xD 2iA

D12s3const.

This function vanishes at both horizons, soÊl 01150. Equa-
tion ~D16! now becomes

Êl52isaN1
1d l ,l 0

B0l0E
r 1

r 2

D21~Fv
l 0!2W21 dr, ~D17!

wherel0[l l 0l 0
. Combining Eqs.~D15! and ~D17!, we ob-

tain

El5Ēl1Êl5d l ,l 0
B0N1

1E
r 1

r 2

D22T̂~Fv
l 0!2W21 dr,

whereT̂[T̄112isal0D. We rewrite this expression as

El5d l ,l 0
B0J3const, ~D18!

where

J[E
r 1

r 2

I ~r !dr,

I[T̂Ds21~Fv
l 0!25T̂D2s21S 12x

11xD 2iA

,

and ‘‘const’’ denotes a trivial nonvanishing constant.@We
have used here Eq.~99!; recall that for the casel 052s
considered here, the hypergeometric function inFv

l 0 is 1.#
The calculation of the integralJ is complicated. Our main

goal, however, is to find out whether this integral vanishes
not. We shall use arguments of continuity~and analyticity! to
show thatJ is generically nonzero. Let us denote the valu
of I andJ for a50 ~with fixed M! by I 0 andJ0 , respectively.
For a50,

T̂52s~rD2Mr 2!52sr2~r 23M !,

so

I 052sr2~r 23M !@r ~r 22M !#2s21.

The integration ofI 0 is elementary, and one finds that, fo
both s521 ands522, J0 is nonzero@it is 28M4 for s5
21 and (32/3)M6 for s522#. Now, sinceI is a continuous
function of a in the integration intervalr 2,r ,r 1 , and
since the integralJ is absolutely convergent,J must be a
continuous function ofa. Therefore, there exists a range
values ofa neara50 throughout whichJÞ0. Furthermore,
1-18
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sinceI is analytic ina in the intervalr 2,r ,r 1 , J is also an
analytic function ofa. @For the present discussion it is usef
to reexpressJ as

J52
d

2 E21

1

I ~x!dx,

where I (x)[I „r (x),x… and r (x) is the linear function ob-
tained by converting Eq.~98!. By this we eliminate the de
pendence of the integration limits ona. Again, this integral is
absolutely convergent, and the integrand is analytic ina ~for
uau,M ! in the interval 21,x,1.# Since the analytic
functionJ(a) is nonvanishing ina50 and its neighborhood
it must be nonvanishing everywhere inuau,M , except per-
haps at isolated values ofa.

From straightforward dimensional considerations it is o
vious that~for a givenm ands! whetherJ vanishes or not can
h-

b-

b-

do

v

d
ti

ud
th
cil
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only depend on the dimensionless entitya/M . We conclude
that J is generically nonvanishing, except perhaps for is
lated values ofa/M . ~Furthermore, numerical calculations o
the integralJ for the modes of greatest physical interest, i.
l 052s51,2 and s<m<2s, and for various values o
a/M , suggest thatJ never vanishes for these modes.!

Recalling now Eqs.~D14! and ~D18!, we conclude that
aj 51

l vanishes forlÞ l 0 , but is generically nonvanishing fo
l 5 l 0 . We express this result as

aj 51
l 5C0aud l ,l 0

, ~D19!

where the constantau is generically nonvanishing.@The co-
efficient C0 , denoting the initial amplitude of the model
5 l 0 at the EH, emerges from the parameterB0 in Eq. ~D18!
via Eq. ~D4!.#
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