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Evolution of linear gravitational and electromagnetic perturbations inside a Kerr black hole
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We analyze the evolution of linear gravitationaH = 2) and electromagneticE& = 1) perturbations inside
a Kerr black hole, within the framework of the Newman-Penrose formalism. In particular, we derive explicit
expressions for the asymptotic behavior of the perturbations at the early portion of the Cauchy t@Hzon
The calculation is carried out in the time domain, using late-time expansion. The initial data are the presumed
inverse-power tails at the event horizon. We find that the “outgoing” fisld® are regulafthough nonva-
nishing at the CH. However, the “ingoing” fields>0 diverge at the CH-liker(—r_) "%, wherer is the
radial Boyer-Lindquist coordinate amd is its value at the CH. This divergent term is multiplied by an inverse
power of the ingoing Eddington coordinate For nonaxially symmetric modesni 0), the divergence of the
s>0 fields is also modulated by an oscillatory tegf*-", whereQ_ is a fixed parameter anah is the
magnetic number of the mode under consideration. This term exhibits an infinite number of oscillations on the
approach to the CH. We also find that the nonaxially symmetric modes diverge faster than the axially sym-
metric ones. Based on the result of a previous nonlinear perturbation expansion, which showed that the
nonlinear perturbation terms are negligible at the CH compared to the linear ones, we argue that the linear
gravitational perturbations calculated here correctly describe the strength and features of the curvature singu-
larity at the CH(to the leading order in ¥/and 10).

PACS numbd(s): 04.70.Bw

I. INTRODUCTION The Reissner-Nordstno (RN) solution, describing the ge-
ometry of a static, spherical, charged BH, has an inner struc-

Kerr geometry[1] is a unique solution of the vacuum ture similar to the Kerr solution. In particular, it has a CH
Einstein equations describing a stationary spinning blackvhich too is a surface of infinite blueshifin fact, Penrose’s
hole (BH). The study of spinning BHs has a strong motiva- Original argument4] was primarily related to the CH in the
tion, because realistic astrophysical BHs are expected to HBN geometry. The instability of the CH of the RN BH to
rapidly rotating[2,3]. The rotation has a dramatic effect on linear electromagnetic and gravitational perturbations was
the inner structure of the BH: Without the rotation, the verified by several authorb—8]. This instability suggests
(statio BH is described by the Schwarzschild geometry, andhat in @ more realistic BH model the regular CH will be
its interior is sealed by an all-encompassing spacelike singu-
larity. On the contrary, in the Kerr geometry there is no such
spacelike singularity. Instead, there is a null hypersurface
inside the BH, known as the inner horizon or Cauchy horizon
(CH) (see Fig. L This null hypersurface, which is a per-
fectly smooth place in pure Kerr geometry, has drastic im-
plications to the causal structure of the black hole: The CH is
the boundary of the domain of dependence of a spacelike
hypersurfaces (see Fig. 1in the external universe; hence, it
is the boundary of predictability for physical fields evolving
from initial data specified oi$.

It is remarkable that in a Kerr BH predictability breaks
down by an approach to a regular CH, and not by a destruc-
tion due to divergent tidal forces at a curvature singularity.
However, Penros¢4] pointed out more than 30 years ago
that the CH is a hypersurface of infinite blueshift. That is,
soft photons falling from the external universe into the BH
become infinitely blueshiftedas measured by a typical in-
falling observer moving towards the Ghvhen the CH is
approached. This infinite blueshift results from the mapping

(along radial ingoing null geodesicsf infinite time intervals FIG. 1. Penrose diagram of the extended Kerr geometry. The
in the external universe into a finite time interval near theevent and Cauchy horizons are marked EH and CH, respectively.
CH. Penrose pointed out that this geometrical-optics phethe asymptotic region | is the external universe. The present paper
nomenon of unbounded blueshift strongly suggests the instateals with region 11, i.e., the black-hole interior between the EH and
bility of the CH to small gravitational or electromagnetic CH. The curveSrepresents a typical initial hypersurface outside the
perturbations. black hole.
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significantly modified—presumably it will be converted into were also carried out in order to examine the local structure
a curvature singularity of some type. This prediction wasof the vacuum curvature singularity at the CH. Brady and
verified analytically[9—13 and numerically{14—-16 for a  Chambergq 23] solved the constraints equations along two
class of nonlinear spherical toy models made of a chargethtersecting null hypersurfacésne of which coincides with
BH perturbed by either null fluids or a self-gravitating scalarthe CH. Later, Ori and Flanaga24] handled both the con-
field. In these nonlinear models the regular CH is convertedtraints and the evolution equations, and mathematically con-
into a curvature singularity which is strictly ny®—-10 and  structed a class of vacuum solutions with a null, weak,
weak[11] (we use here Tipler'$17] notion of weaknegs scalar-curvature singularity. This class depends on a suffi-
Realistic astrophysical BHs, however, are spinnfegd  cient number(8) of quite arbitrary(though analytig initial
unchargedl In general, one expects the situation in a spin-functions of the three spatial variables, so it may be regarded
ning BH to be similar in many respects to that in sphericalas generic. More recently, 25| showed that there exists a
charged BHs. In the spinning case, too, the CH is a hypergeneric class of null weak singularities within the family of
surface of infinite blueshift, suggesting a linear instability. linearly polarized plane-symmetric vacuum spacetimes. All
Indications for such a linear instability of the Kerr back- these analysel22—25 support the main result of Reff20]
ground were found by McNamafa8] and by Novikov and  (concerning thdocal behavior near the CHi.e., the exis-
Starobinsky[19]. In the fully nonlinear context, this instabil- tence and genericity of vacuum solutions with a strictly null,
ity suggests that small perturbations will convert the regulaweak, scalar-curvature singularityThe local analyses in
CH into a curvature singularity. This expectation was veri-[22—25 did not reveal the oscillatory character of the singu-
fied by a nonlinear perturbation analysis of the interior of alarity, though, because they a@ssumedonoscillatory local
Kerr BH [20]. This analysis revealed the asymptotic behav-initial data for simplicity[26].)
ior of metric perturbations near the CH, both in the linear The CH singularity inside a spinning BH is also found to
context and in the context of fully nonlinear perturbationsbe essentially linear. Namely, the fully nonlinear curvature
(within the framework of a systematic nonlinear perturbationsingularity at the early portion of the CH is adequately de-
expansioh The regular CH of pure Kerr geometry was in- scribed(at the leading ordgry the linear gravitational per-
deed found to be converted, in the presence of gravitationalirbation over the Kerr background. This is demonstrated in
perturbations, into a spacetime singularity, marked by thdRef.[20], where it is found that the linear perturbation term
divergence of curvature. This curvature singularity, to whichdominates all higher-order terms in the nonlinear perturba-
we shall refer as th€H singularity, was found to be strictly tion expansion(This holds both in terms of the metric per-
null, weak, and scalar curvatufeamely, the curvature scalar turbations and in terms of the curvature perturbations derived
RQBWR”“”‘S diverges [20]. The weakness of the singularity from them) This essential linearity is also supported by the
means that the actual tidal distortion experienced by an inrecent analysis of plane-symmetric null weak singularities
falling physical object is bounded—and in fact negligibly [25] and is consistent with the other local analyf22—24.
small for a wide range in the space of geodesics—when th&hanks to this essential linearitywhich is an unusual phe-
curvature singularity at the CH is approached. The analysisomenon in the context of spacetime singularities or singu-
in Ref. [20] also suggests that for nonaxially symmetric larities in genera| one can study the structure and features
modes the divergence of curvature at the CH of a spinningf the CH singularity, both qualitatively and quantitatively
BH is oscillatory. Namely, the nonaxially symmetric metric (at the leading order by a linear analysis. This motivates
perturbations exhibit an infinite number of oscillations on theone to carry out a detailed linear analysis of gravitational
approach to the CI21]. As a consequence, the curvature isperturbations over the Kerr background. Such a linear per-
expected to exhibit such oscillations tq@his is to be com- turbation analysis is the main objective of this paper.
pared with the monotonous mass-inflation singuldri,11] We preferred here to use the Newman-Penrose formula-
inside spherical charged BHis. tion for perturbations over the Kerr backgrouteke, e.g.,
Recently, the structure of the CH singularity was exam{27]), because it enables the separation of the wave equation
ined in a nonperturbative leading-order analysis by Brady[28]. In turn, this separability allows the determination of the
et al.[22]. This analysis provided a description of the singu-leading-order coefficients at the GHy solving ordinary dif-
larity in terms of geometric entities like the shear, expansionferential equation$ODES in the interval between the event
and twist of null congruences intersecting the CH, and thénorizon (EH) and the CH. In Ref.[20] we used the frame-
Newman-Penrose scalars of the Weyl tensor. The analysis Wwork of metric perturbations, because it is easier to analyze
Ref.[22] is local; namely, it is based on a local characteristicthe nonlinear perturbations in this framework. Because of the
initial-value setup near the Ckhssuming inverse-power lo- nonseparability of metric perturbations over the Kerr back-
cal initial datg. The calculation is carried out to the leading ground, the ‘“coefficients” obtained in Ref20] for the
order in the inverse blueshift fact@™ “-¥ (x_ andv are  asymptotic behavior at the CH were in fact unknown func-
defined beloy; which is essentially the affine distance from tions of the angular coordinat¢ and it was not even clear
the CH. Nevertheless, it handles the nonlinearity of the Einwhich of these coefficients vanish and which do not. Here
stein equations in a fully nonperturbative manner. Thisthe separability of the Newman-Penrose fields allows us to
analysis confirmed the main findings of the nonlinear perturcarry out the linear part of the analysis in much greater detail
bation analysi$20], namely, that the singularity at the CH is and to obtain more complete resulf8Ve note that all the
blueshift dominated, null, weak, and scalar curvature. results obtained in this paper are consistent with Rz].)
Several rigorous nonperturbative local analyg23—25 The present paper is a part of a project aimed at exploring
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the inner structure of realistic spinning BHs and, particularly,Sec. VIIl. Then in Sec. IX we use this exact solution to
the structure of the null CH singularity. Refereri@®] out-  obtain the leading-order coefficients at the CH by matching
lines the approach used—a systematic nonlinear perturbatidhem to the corresponding coefficients at the EH. By this we
expansion, combined with the late-time expansion. It alscpbtain the epr|C|t asymptotic beha\_nor of the pertl_erat_lon at
describes the main results concerning the structure and fe iel ee;rly pgr{u;n ofdthe CE:H' Bur fmam_resrltszargglvlfen In Eq.
tures of the CH singularityi.e., a null, weak, essentially (11D fors=1.2and in Eq(119 for s=—1,—2. Finally, in
linear, scalar-curvature singularityThe general approach Sec. X we summarize the main results and give some con-

) L . cluding remarks. Some details of the calculations are left to
and its relevance to the gravitational collapse of a spinning :

. ; . : . he Appendixes.
astrophysical object are extensively discussed in R&d].
The Ia}te—time expansion and its implementation for the_ Il. FIELD EQUATION
analysis of perturbations near the CH are demonstrated in ] ] o )
detail in Refs.[30,31 for the case of a scalar field in a  Let ¥ denote a linear Teukolsky field with integer spin-
Reissner-Nordstra background. The application of the late- Weight —2=s=2 (see Ref[28], and note that oud” is de-
time expansion to an axially symmetric scalar field in a Kerr10ted ¢ there. The relation ofl” to the standard Newman-
BH is described in Ref32]. The present paper is devoted to "€Nrose fields in the Kinnersley's null tetrad is given in
the analysis of linear gravitational perturbations inside a KerrT a_bli Iztheggzlirgmz I%ﬂ?gesei?il:?;?\éﬁguoﬂall peor:u;bag;o_ns
BH, in the Newman-Penrose formalism. In forthcoming pa-(s_— ). . gnetic perturbations< *1), sca-
lar perturbation $=0). The background geometry consid-

ers we shall generalize the analysis to linear metric pertur- . . o
Eations and th%n to nonlinear me{ric perturbations. P ered here is a nonextreme Kerr BH, with maband specific

: o= . . ._angular momenturma (0<|a|]<M). Let (r,t,0,¢) be the
Although the main objective of this paper is the anaIySIsstandard Boyer-Lindquist coordinates for the Kerr geometry.

of gravitational perturbations, Tgukolskys master equauorwe first decomposé into azimuthal modes™®:
[28] for the Newman-Penrose fields allows us to include

electromagnetic perturbations in the analysis with almost no .
modifications. We also include nonaxially symmetric scalar W(r,1,0,0)=2 (1 ,1,0)eMe=2> V. (1)
perturbations in this analysigxially symmetric scalar per- m "
turbations require a somewhat different analysis and wer@ecause of the axial symmetry of the Kerr background, the
already analyzed in Reff32]). We shall thus consider in this field equation does not couple perturbation modes with dif-
paper ingoing $=2) and outgoing ¢= —2) gravitational ferent m. Therefore, we shall consider here a perturbation
perturbations, and ingoings€ 1) and outgoing $=—1) mode with a specifien, and for brevity we shall usually omit
electromagnetic perturbations, as well as nonaxially symmethe indexm from ¢, and¥,,. The reader should recall that
ric modes(i.e., m# 0, wherem is the mode’s magnetic num- throughout this pape/ (or ¥) always carries two indi-
ben of a scalar field §=0) [33]. ces: mands.

The structure of this paper is similar to that of Rgg2]. The field equation foy is obtained from the master equa-
In Sec. Il we introduce the field equation, the coordinatestion in Ref.[28] by substitutingd,—im:
and some additional notation. In Sec. Ill we describe the

-~ ; 2, .2\2 -
initial-value setup for our problem. We consider a character- (r'+af) —a2siR 0|y + diamMr v
istic initial-value problem, in which one of the null hypersur- A e A !
faces is located at the EH. To that end, we need to know the Q2

. . S | 1 -
behavior of perturbations along the Edhich in turn re 2 o2 H}I#_A Sﬁr(AS“lﬂ,r)

quires the analysis of perturbations outside the).BH Sec.
[l we describe recent results concerning the late-time behav-

. . . . 1 a(r—M) icosé

ior of perturbations outside the Kerr BH and, particularly, ——— _9.(sin® )—2ims[ +—

along the EH. sing oS0V A sito)”
Section IV describes the late-time expansion for the M (r2—a2)

Newman-Penrose fields. Then, in Sec. V we use this expan- — 2§ ——————r—iacosé|y,

sion to obtain a general expression for the asymptotic behav- A ’

ior near the CH. This asymptotic behavior includes inverse +(s?cof 9—s) =0, )

powers ofu or v, whose coefficients are unspecified at this

stage. In order to obtain explicit values for these coefficientswhereA=r?—2Mr +a2. It is useful to reexpresa as

we have to match the various parameters to the presumed

initial data at the EH. To that end, in Sec. VI we analyze the A=(r=ry)(r=r., ©)
local asymptotic behavior near the EH, as dictated by th‘%vheren andr_ denote ther values of the event horizon
late-time expansiofand by the demand for regularitythen a4 the inner horizon, respectively, which are givenrby

in Sec. VIl we decompose the Newman-Penrose fields and. , Nvx=rd -

all related functions into spin-weighted spherical harmonics. For the method we use below it is useful to distinguish

This depompositjon complgtely separa'tes the. field equatioBetvveent derivatives and the other derivatives in the field
for the first term in the late-time expansion, which we denOteequation(Z). We therefore rewrite this equation as

¥o. As a consequence, the field equation fgrbecomes an
ordinary differential equation, which we solve explicitly in (D—=T10;— T,dy) =0, (4)
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FIG. 2. The region between the two horizditse region marked
Il'in Fig. 1). This figure shows the range of the Eddington coordi-
natesu and v, and also the values df, r*, andt on the two
horizons.S’ denotes a null hypersurface intersecting the EH, use
(along with the EH in a characteristic initial-value setup for the
black hole interior.

where

D=AY"59,(AY"S9,) + a?m?+ 2isam(r —M)+AD,,
5

2

_ m cosé
dy(SiN6dy) — e 2sm

Dy= Sirf 6

sin@

—(s?cof §—s),
and the coefficient3; andT, are given by
T,=4iamMr—2sM(r?—a?)+2s(r +ia cosf)A, (6)
T,=(r?+a%?—a?sir? 6A. (7)

For later use, we also define the “tortoise coordinat&”
by

dr/dr*=A/(r?+a?)
and the Eddington coordinatesv by

usr*—t, v=r*+t.

PHYSICAL REVIEW D 61 024001

IIl. INITIAL DATA AT THE EVENT HORIZON

In studying the evolution of perturbations inside the BH,
it is natural to consider a characteristic initial-value setup in
which one of the two initial null hypersurfaces is the EH.
The other characteristic null hypersurface is dend®dn
Fig. 2. In this paper we are dealing with the internal late-time
behavior, i.e., the behavior at fixadand larget inside the
BH, and the behavior at the early portion of the CH. As was
explained in Ref[29] (see alsd30,32), this late-time be-
havior is not sensitive to the initial data on the characteristic
hypersurface&’. (This follows from the physical demand for
the regularity of the initial perturbation, combined with the
exponential redshift along the EH. Therefore, in order to
analyze the late-time internal dynamics, it is sufficient to
know the value of the perturbation on the Eparticularly at
largev). This, in turn, requires the analysis of perturbations
outsidethe BH.

For a Schwarzschild background it is well known since

Jrice’s work[34] that perturbations outside the BH eventu-

ally decay as an inverse power of external time. That is, a
perturbation mode of multipolar inddxdecays at fixed as

t~ "o, with ng=2l+ 3. (If the mode under consideration ini-
tially has a nonvanishing static multipole moment, then the
power index is 2+ 2 [34]. However, throughout this paper
we shall only consider the situation of vanishing initial static
multipole momen.

In the case of a Kerr background the problem is more
complicated due to the lack of spherical symmetry. Prelimi-
nary calculations[29,35 suggested a power-law decay
which is similar to the Schwarzschild case, except for two
important differences: (i) There is a coupling between
spherical-harmonics multipoles of differeht(but with the
samem), and(ii) at the EH the perturbation oscillates in the
Eddington coordinate along the horizon’s null generators,
with a frequency proportional tm. A numerical simulation
of the evolution of¥ outside a Kerr BH was carried out by
Krivan et al. for the cases=0 [36] ands= —2 [37]. More
recently, systematic analytic calculations for a scalar field
were carried out by Barack and di8] and by Hod[39].
These analyses revealed that at fixeghd larget, a scalar-
field multipole of givenl,m generically decays with a power
index |+ |m|+3+q, whereq is 0 for evenl+m and 1 for
odd | +m [40]. At the EH, the scalar field decays as an
inverse power ofr with the same power index as above, and
for m# 0 it also oscillates witlv (as described in Ref29]).

For s#0 fields, the late-time behavior outside the spin-
ning BH was analyzed recently by H¢d1] and by Barack

The range of these coordinates inside the BH is shown ifi42]. In this case, the power index at fixeds generically

Fig. 2.
The surface gravity at the event and the Cauchy horizons
is given by
3 1) 0
T2(rZ+a?)  amr.’
where

2M?—a2,

O=r,—r_

l+1o+3, (€)

wherel, is the minimal value of allowed for the valuesn,s
of the multipole under consideration, that is,

9

[In order to incorporate the case-0 in Eqg.(8), we define in
this caselo=|m|+qg.] There also is an additional factor
A ™S at the EH[see Eq.12) below; this factor has a trivial

lo=max|ml|,|s|) (s#0).
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origin, as explained in Ref28]]. Note that for boths=0 _ _ S _

ands+0, the decay rate of an individual multipolez 1o, is ~ W=eMm+A =MV Ci(g)v "0 1+ 0O(AT"%) (EH).

slower than the Schwarzschild case, due to the coupling to =0

multipoles of smallet (caused by the breakdown of spheri- (15)

cal symmetry [40]. . . In Ref. [43] we show thatC,#0 for s<0 and/oram
For the purpose of the present analysis it will be sufficient., 5 ;¢ C, vanishes in the case>0, am=0 (i.e., for all

to consider theverall late-time behavior for givem,s This o g fie|ds in the Schwarzschild case and for all axially sym-

overall behavior is dominated by the multipdke |5, which metric s>0 modes in the Kerr cas&45]. In this case, the

lhas the SI(;)WESI decay rage. At fixednd larget, the overall 5y mntotic behavior at the EH will be governed by the term

ate-time decay Is given by j=1 in Eq. (13) or (15). The calculations throughout this

paper are valid in both cas€y=0 andCy+#0. (However,

m - —ng—1
\P“SYIO( 0,@)t"+0(t""7)  (EH), 10 the vanishing ofC, for s>0, m=0 will have obvious impli-
cations to the divergence rate of these perturbation modes at
where the CH, as we discuss in Sec. )X.
No=2lp+3, 11 IV. LATE-TIME EXPANSION

and .Y denotes the spin-weighted spherical harmonics. The form(15) of the initial data at the EH suggests that

(Note that the spheroidal harmonics are not useful for thdhe perturbatlon field inside the Bétike the field outside the

final description of the late-time behavior, because they ar8H) will be of the form

defined in the frequency domain and not in the time do- o

main) The overall inverse-power dec&}0), (11) has been _ —n—k

demonstrated numerically {186,37. vir.t,6) kgo vlr. ot ’ (18
Once the late-time decay at fixed is known, the

asymptotic behavior at the EH may be derived by purelywhich we refer to as théate-time expansianThis issue is

local consideration§43]. One obtains the following late- discussed in more detail in Reff29,30.) This ansatz is

time behavior: consistent with the field equation and also with the initial
data(15) at the EH, as we show below. The constars an
V=C, Syr‘(g,¢+)A*SeimQ+vvfno+ O(v o1 integer greater than flby matching Eq.(16) to the initial
0 data at the EH, we shall later show thet ng].
+0(AY"%)  (EH), (12 Substituting the expansiofi6) in the field equatior(4),

we find that the latter is satisfied, provided that the functions

whereQ . =a/(2Mr ), and .. is an azimuthal coordinate i Satisfy
regularized at the EH: 1 )
D() =N Tagh— 1+ NiToth— =S, 17)

Pr=e— 0t where

(the Boyer-Lindquist azimuthal coordinatg is singular at Ni=1-n—k, NZ=(n+k—2)(n+k—1). (18
the EH of a Kerr BH[27]). C, is an unspecified coefficient ’

(this coefficient vanishes in certain cases; see beldle  Note thatS,_,=0, because, by definitiony,, vanishes for
asymptotic behavior including the higher-order terms m 1/ k' <. Therefore, Eq(17) is a homogeneous equation for
takes the fornj44] k=0 and an inhomogeneous equation kez 1. It forms a
hierarchy of equations, one for ealchwhich in principle can
be solved one at a timgirst for k=0, then fork=1, etc).

— A —SpimQ v m Iy, —Nng—i .
V=47 Z S (0'¢+)j20 CJV For later convenience we also reexpress the source term

S¢ as
+0(AY"%)  (EH). (13 L
Sc= St St S, (19
To relate the two representatiofts2) and (13), note that in
the latter the coefficients for the terjs=0 are given by where
Cl_o=Cod . (14) S=NiT1h 1+ NETo g2,

It is sometimes useful to express the perturbation field Sc=2isaNA cosoy 1,
without decomposing it into spin-weighted spherical har- 3
monics. Separating the harmonig¥(6,¢.) into an azi- Sc=—a2NZA sir? 0y _,.
muthal pare'™?+ and aé-dependent parand absorbing the .
latter into the coefficient€)), Eq. (13) takes the form HereT, , denote thes-independent part of ; ,, that is,

024001-5



AMOS ORI PHYSICAL REVIEW D 61 024001

T,=4iamMr—2sM(r2—a?)+2srA D=6"2D, T,=6 Ty, (22)
and andA=an/s. We find
T,=(r2+a?2 D=R!"9x(R " 5d) + (A?—isA)
=R?Jgp+ (1+S)RIg+ (A2—isA) (23
V. ASYMPTOTIC BEHAVIOR NEAR
THE CAUCHY HORIZON and
We shall now analyze the asymptotic behavior at the CH, T,=u(2iA+s), T,=u? (24)

to the leading order iA. To that end, we define
where u=(2x_)"1=2Mr_/5=(r2+a?)/s. The field

R=e 2%-, -
equation(21) now reads

R, like A, vanishes at the CH, and in the neighborhood of the O P -
latter we haveRecr —r _=A. We now expand the field equa- (D=T1di= To0u) =0, @9
tion in R nearR=0 and consider the leading-order term and applying it to the late-time expansion, Ef6), we ob-
only. It is essential that all thé-dependent term&@nd thed  tain
derivatives in Eqgs.(5)—(7) are proportional t& and, hence,
do not appear at the leading order. Let us denote the leading- D () =NET 141+ NZT i (26)
order parts irD, T,, andT, by a tilde:

It is useful todefine g to be theexactsolution of the

D=D+O(R), Ty,=T1,+O(R). system(26), i.e.,
We shall transform the independent variableDirfrom r to D) =N o+ NZT-dh . 2
R Atthe CH,A (=— 4, sod,=— dd, . To the leading order () =NiTathe 1+ NiT 22 ()
we have We then define} via the functionsi, in analogy with Eq.
Alfsar(AlJrsar)E52A1735A(A1+S(9A) (16)
= 2R S (R S9R) (20) . . o
rto)= r,ot "k 28
HILO= 2, i1, 0) (28)

and, also,

The field ¢ thus obtained is thexactsolution of Eq.(25);

r—-M=r_—M=-5/2. that is, it satisfies

We thus define A ~ .
(D_Tlat_TZatt) y=0. (29)

D=4°R"“0p(R" " dg) + a’m? ~isamé=D [To verify this equality, just apply this differential operator
to the right-hand side of Ed28), collect terms of the same
power int, and recall Eq(27).]

For later convenience we also express the differential op-

eratorD as

and
T,=2Mr_(2iam+s8)=T;,

T 2 22 -
Tr=(rf+a%)=T,. D= w20, x — uSdp« + A2—isA. (30

(Throughout this pgper, the Symbo’f:‘" (J!enotef equality to Denoting the differential operator at the left-hand side of Eq.
the leading order im\.) In the derivation ofT; we have (29) by D, we find

used the equality? —a?=—r_4. The field equation(4)

then takes the approximate form D= 1 2(dpuyx — d) — uS(dpx + dp) — 2iA i+ A2—iSA,
(D =T 10— T0y) y=0. (21)  and the field equatiof29) reads
The analysis is further simplified by defining D( #)=0. (31)

We turn now to analyze the functiong, and . The

The extra first-order derivative terms which arise in this transfor-former are obtained by solving the individual equations in-
mation (e.g., the one proportional to the derivative af) are  Cluded in the systeni27) one by one. We start frork=0,
smaller by a factoA compared to the dominant first-order term in for which the source term vanishes and the field equation
this differential operator and can therefore be neglected here. reduces to
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D (o) =0. P=pR(* ORM,  w=u,yv, (38)
The general solution of this equation is and Eq.(36) becomes
Do(r,6)=e,(6)R%+e,(H)RY, (32 =+ Ui
where We also defing) to be the contribution ofi" to ¢ via Eq.
qu.=IA, q,=—iA-s (33 (28
ande, ande, are(yet) arbitrary functions off. (The reason Y= i ek w=u,v, (39

for associating the indicasg v with these two basis solutions

will become apparent at the end of this sectionEquation

(32 is indeed the general solution, provided tligt~q, .

Since bothA ands are real, this inequality is satisfied as long A Ay
as eitherA#0 or s#0 (or both. The special cass=A=0 =9ty

is excluded here: This case, which corresponds t0 an axon this point the calculation proceeds in close analogy

ally symmetric scalar field, requires a special treatment anq,th that of Ref.[32]. Combi Eqs(37)—(39 bt
was already analyzed in RdB32]. ! at of Ref.[32]. Combining Eqs(37)~(39), we obtain

For later reference, we note that

(40)

k ©
w_ Z Z *It n— k (41)

RIu= efimQ_r*, RIv= R Sgim_r* E(AR)SAfseimQ_r*,

(34 We define
where "
= RAw o kk—jron—k
Q_=al(2Mr_)=2ax_/5 (35) fi'=R ij Pi—k i Itk (j=0),

andAg is a numbenwhich depends oa/M only), defined  znd find

by

Ag= lim (A/R). =D i (42)
r—r_ j=0

Fork>0, Eq.(27) is inhomogeneous. In Appendix A we [that is, the termj =0 corresponds to all termis=k in Eq.
show that the general exact solution of this system takes th&1), the termj=1 corresponds to the terms-k—1, etc].

form Next, we definev=r*/t and expressﬁiW as
= PR(r*, 0)R%+p(r*, )R, (36) fi=RW IR (W,0), (43
wherep! andp), are two polynomials of ordek in r*, where
K Wzi w
0)= 2 pi(O)r*. (37 Fr=g, PriziW

Hereafterw stands for eitheu or v. Furthermore, these two W€ now definev=u/v and rewrite Eq(43) as

polynomials have the following propertieét) For eachk,
the two coefficientsp‘li”’i:O are arbitrary functions ob; (2)
for 0<i=<Kk, py; is uniquely determined as a linear combina-
tion of coefficientsp,;, , with k' =k—1 andk’ =k—2 (and
the samew); (3) the k’th-order polynomialpy(r*) is non-
degenerate, iepkI «# 0, if and only ife,, is nonzero(Fur-
thermore, the coefficientsy';_, are all proportional te,,.)
Note that propertie$l),(2) imply that the two polynomials [we have used her¢=u(l1—w)/2w and w=(1+w)/

f'=R%u " TE(W, 9), (44)

where

— 2w\t
F; (W,G)E(ﬁ) Fi (W(w), 6)

px andpy are completely independent of each other. (1-w)].

Equation(36) shows that), is made of two components, [N the next stage we use the field equatidf) and apply
distinguished from each other by the value of the power inthe differential operatoD to ="+ ¢". From the mutual
dex of R. We denote these two components fiyand 4.,  independence afy and ¢y, in the above constructioiwhich
that is, follows from properties(1),(2) abovd, it is obvious that
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D(#") must vanish independently far=u andw=v. [This

is also evident from the way the opera@racts ony" and
#": D does not modify the power index & (see Appen-
dix B); hence(asq,# q,) it does not mix terms frong with

terms fromg¥.] Substituting Eqs(42),(44) in D(4")=0,

we obtain

D[R™u™"FMW,0)]. (45

o
5
—=
N—
l

M s
|

Consider the contribution of a particulpto the last expres-

PHYSICAL REVIEW D 61 024001

ficient of the azimuthal mode'™ in the full perturbation
field W(r,t,6,¢), and(ii) the coordinatep goes singular at
the CH of the Kerr geometry. More specifically, grows
unboundedly along regular world lines which intersect the
CH. In order to uncover the physical behavior of the pertur-
bation field at the CH, we shall transform fromto a new
regular azimuthal coordinate
d=p—Q _t. (51
This new coordinate(together with U=—-e *-Y, V=
—e *-V, and§) regularizes the line eleme(gee, e.9.,27]),

sion. This contribution includes terms proportional toand along the world line of an infalling observes,gets a

u~""I"tandu~""1~2 [each multiplied byR% and by some
function of w; note that a term proportional 1@ "~ does

not appear, becauﬁ_B(RqW) =0]. One might therefore expect +Y,

that Eq.(45) will mix terms of differentj. In Appendix B,

finite value at the CH. We naturally divide the full perturba-
tion field W= y(r,t,6)e'™¢ into two componentsy =¥
according to?"=y"e'™?. From Egs.(49),(50) we
obtain

however, we show by a direct calculation that this is not the

case, and?(f‘j"’) vanishes separately for eaghOne obtains

a simple ordinary differential equation for each funct%}ﬁ,
whose general solution is
Fi=a,(0), F/(W,0)=bj(o)w"", (46)

where a;(6) andBj(ﬁ) are arbitrary functions of. A sub-
stitution of these results in Eq&2) and (44) yields

{pU=j§0 fj“:RiAJZO aj(gu " (47)

and

fpV=_20 f}’=R‘S“AEO bi(o)v " (48)
1= 1=

Returning fromi to ¢ [which amounts to recognizing the

presence ofO(A) correctiong, we split the latter into two
parts,

=gy,
in accordance with Eq40). Using Eq.(34), we obtain, from
Eqgs.(47),(48),
¢U=e—im9—'*20 a;(A)u""I[1+0(A)] (CH)
i<
(49)

and

¢V=A*Seim9—f*j§0 bi(6)v "TI[1+0(A)] (CH),
(50

whereb; = (AR)SBj [we may regard;(6) as the freely speci-
fiable functions off, instead ofBj(a)].

\Iruzeme—im“—UEOaj(a)u—“—i+0(A) (CH) (52
=

and
—al —SaimQ -n-j -
PV =glMmep ~sgim VJZO bj(O)v "I+ O(AT%)  (CH).
(53

Later we shall also need the relations between the
leading-order coefficients;_q,b;—, and the leading-order
coefficients of the late-time expansiog,,e,. Substituting
u=—t(1-r*/t) in Eq. (47) andv=t(1+r*/t) in Eq. (49),
collecting terms of the same power ot,1And matching the
term proportional t¢ " to Eq. (32), one finds

aj—o=(—1)"ey, bj_o=(Ar)%,. (54)
(This relation shouldnot be interpreted as if the termis
>0 do not contribute to the leading-ordgr=<0) term at the
CH. In fact, the term&>0 do contribute t@;_, andb;_,
due to the divergence qfy like r**. However, the coeffi-
cientspy;_ of these dominant terms are all proportional to
e, ande, [cf. property(3) abovd, which explains the rela-
tion (54).)

VI. ASYMPTOTIC BEHAVIOR NEAR
THE EVENT HORIZON

In this section we shall analyze the asymptotic behavior at
the EH, as dictated by the late-time expansi@f) and the
field equation. This will allow us to check the consistency of
the late-time expansion with the presumed initial data at the
EH. It will also provide the boundary conditions for the func-
tions ¢, and the value of the parameter

The analysis of the asymptotic behavior at the EH pro-
ceeds in close analogy with the corresponding analysis at the
CH: One simply needs to replace the inner-horizon param-

To interpret these results, and especially the oscillationgters by the corresponding event-horizon parameters. We de-

in r*, we must keep in our mind thék) ¢ is just the coef-

fine

024001-8



EVOLUTION OF LINEAR GRAVITATIONAL AND . ..

Ry (r)=e+"",
and note thaR_ vanishes at the EH like—r, andA. At the
EH, A =4, so EQ.(20) is still valid (with R replaced by
R.), but this timer —M=r__— M= + §/2. Therefore, the op-

eratorD ., which denotes the EH analogue Bf has the
same form as the latter except ti&is replaced by- 6§ andR

by R, . DefiningD,=6"2D_ , we obtain

D, =Rl %0 (RL"%0g ) +(A%+isA). (55)

Let us denote the EH analogue'blf by T12 Recalling that
r2 —a’=+r, 5, one finds

T/ =2Mr,(2iam—s§)=T,,
Ty=(r2+a%?=T,
?T{,, we obtain

Defining T; ,= &6~

Ty =n.[2iA-s], T3=u?, (56)

where

wi=(2k.) " t=2Mr15=(r> +a?/s.

Let ¢, and fp; denote the leading ordéin A) of  and ¢,

PHYSICAL REVIEW D 61 024001

[compare Egs(23),(24) with Egs. (55),(56)]. Therefore, the
general solution for:/;k+ and . is simply obtained from that

of s and ¢ through the transformatio61). Thus i/ will
take the simple form

~ + +
Yo (r.0)=el (RN +e; (ORY, (62)
where

qs=—iA, qy =iA-s (63)

ande, ande; are(yet) arbitrary functions off. For k>0
we have an expression analogous to 8§):
q+
JORY,
(64)

~ +
Gy =pg(r ORY +pV(r*

where agairp, “ andp, ¥

r*

are two polynomials of ordet in

k
:W<r*,a)=i:20 POt (w=u,v).
(65)

After substituting Eq(64) into Eq. (58) and converting the

respectively, in the neighborhood of the EH. The functions

fp;’ are defined to be th@xac) solutions of the local system

Do () =NTT g +NETS il (57)

and ¢, is constructed fromy;” by the late-time expansion

oo

B (r.t,0) EZ (r,0)t "k (58)
. satisfies the asymptotic field equation
(D =T1a—T3 09, =0 (59)

[Compare Eqgs(57)—(59) to Eqgs.(27)—(29).]

solution fromt andr* to u andv, we find thatfp+=fp‘i
+ 4., where
—R+iAj§30 af (ou "l (66)
and
=RA~ si b (v ", (67)

anda;"(¢) andb;" () are new arbitrary functions of [this
result may be obtained by applying the transformation rule
(61) to Egs.(47),(48)]. The EH analogue of Eq34) is

+
Gy — p—imQ  r*
R+ e

In principle, we could follow the calculation scheme of
Sec. V step by step, with the necessary replacement of CH
parameters by the corresponding EH parameters. It is pos-
sible, however, to proceed in a simpler way and to obtain the
asymptotic behavior at the EH directly from that of the CH. Where

We first recall that in Sec. V botlk, and § are completely
determined from Eq927)—(29). Now, Eqgs.(57)—(59) have
exactly the same form as Eq27)—(29), except that

+ _ : * P *
RiV=R+selmQ+r E(AR+)SA selmQ+r ’

(68)

Q. .=al(2Mr )=2ak, /6

and

D—D,, T,—-T,, T,-T;. (60) Ag = lim (A/R,).

r—r,
The latter transformation, however, is achieved by A
Returning fromy, to ¢, using Eq.(68), we find that near the

A——A, pu——ps, RoRy (61)  EH ¢ is the sum of the two components
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Pi=e MY af (O)uT"I[1+0(A)]  (EH)
i=o
(69)
and
Pi=A"%eM" Y b))y "I[1+0(A)]  (EH)
i=o
(70)
[in analogy with Eqs(49),(50)], Whereb]-+=(AR+)S~bj+ . Fi-
nally, returning from ¢ to the full perturbation field¥V

=y(r,t,0)e™*, we conclude that near the PH is made of
two pieces,

V=04 +vY,
where

W= yieme

=emW+eﬂm9+iZ%ar(aﬂf“*L+O(A) (EH)
(71
and
WY =yrene
=eim¢+Aseim0+V§O b (O)v ""1+0O(AT™®)  (EH).

(72

¢,=¢— .t is the above-mentioned azimuthal coordinate

which is regular at the EH.

PHYSICAL REVIEW D 61 024001

eachj:?

a(0)=0 (s<0). (75)

This equality can also be established from the demand for
regularity. Consider the contribution of a nonvanishing coef-
ficient aj+ to the componentB,y, or Cay py, Of the Max-
well or Weyl tensors, respectively. Hegb stand for the
(regularizedl angular coordinated, ¢, and U, is the
Kruskal-like coordinateU . =e*+", which is regular at the
EH (whereU_ =0). One can easily verify that f@<0 this
contribution diverges at the EH IikéJ1|5| (modulated by
oscillations and by some logarithmic fackor

Note also the EH analogue of E(4), that is,
a_o=(—1)"e;, b_o=(Ag, )%, . (76)

[For s<0, however, Eq(75) implies that the first equality
reduces ta,_,=e; =0.]

VIl. DECOMPOSITION INTO SPHERICAL HARMONICS
We now decomposé(r,t,d) in spin-weighted spherical
harmonics:
rt0) =2 IO,

) (77
:,//k(r,e):Z SYT(0) (1),

where S\?,’“( 0) is the #-dependent part of the standard spin-
weighted spherical harmonigY["(6,¢), that is, ;Y["(6, )
zs\?,’“(e)e‘m“’. (Note that due to the completeness of the
family of spin-weighted spherical harmonics for ea;lthis
decomposition is well defined regardless of separabili-
ty.) The late-time expansiofl6) now takes the form

l/f'(r,t)=k20 Ptk (79)

The functionsy, satisfy the ordinary differential equation

D'() =S, (79

The analysis of the asymptotic behavior at the EH up to
this point was solely based on the local field equations angvhere
the late-time expansion. We have not explicitly taken into
account yet the presumed initial ddxcept that these initial
data were the motivation for the late-time expangidote
the consistency of Eq.72) with Eq. (15). Matching these
two equations yields

2Equation(75) does not necessarily hold fer-0, because in this
case the contribution from nonvanishiag may be overshadowed
by theO(A1~9%) terms in Eq.(15) or Eq.(72). This cannot happen
for s<0, because in this case the contribution from nonvanishing
aj+ would dominatel (or Yo, for s=0) at the EH. The regularity
argument below is also inconclusive in the case0. [For s=0,
one may derive Eq.75) by demanding regularity of thgradientof
the scalar field. Note, however, that Eq(74) is valid for any
s In the cases>0, the entire contribution from Eq71) to V¥ is
negligible; in the cass<0, this contribution vanishes because all
coefficientsaj+ vanish.[In the latter case, an investigation of the
termsO(A) in Eqg. (71), which is beyond the scope of the present
paper, yields that these higher-order terms vanish if all coefficients
a;" vanish]

(73)
and
b;"(6)=Cl(6). (74)

In addition, fors<0 this matching implies tha¥’", is actu-
ally absent; that is, the coefficienaﬁ*(e) must vanish for
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D'=A1"59,(AY"59,) +a’m?+ 2isam(r — M)

—A(l=s)(I+s+1). (80
The source ternSL in Eq. (79) is given by
S=S+S+35, (81)
where
SENT NPTy,
S=2isaNeA D) Ny gy,
|!
S=—aNEAY o . (82
II

The parameters;; and ;. (which also depend om ands)
are the expansion coefficients of a@y{‘ﬁ(a) and
sir? 65Y[ (6), respectively, insY["(6). The explicit values of
these coefficients are given in RE46]. For our purpose it is
sufficient to recall that, for a giveln there argat mosj three
nonvanishing coefficients,;,, |'=1,I =1, and five nonvan-
ishing coefficientsy, . |'=1,1£1]+2.

The source tern$, couples modes of differert—a con-

sequence of the lack of spherical symmetry in the Kerr back-

ground. However, a functioripL is only coupled to(finite

number of functions 1//:(’, with k' <k. The equations en-
folded in Eq.(79) can therefore be solved one at a time.
The asymptotic behavior af' and sz at the two horizons

is derived from the expressions in the last two sections by a
straightforward decomposition into spin-weighted spherical

PHYSICAL REVIEW D 61 024001

Wime M V(0.6 3 aflumro

+0(A) (EH), (87)
\If\i:A—seim(Ler SYIm( 9,¢+)20 bj—*—lv—no—j
=
+0O(AY"S)  (EH). (88)

Note also the mode decomposition of E4S4) and (76),
which yields

aj_o=(—1)™ey, bj_o=(Ag)%, (89
and

allo=(—1™el', blo=(Ag,)%;".

(90)

Also, Eqgs.(74) and(75) now become

a'=0 (s=<0) (92)
and

bf'=Cj. (92)
In particular, Eq.(14) implies

bfz'ozc}:():c:oél,lo. (93

VIIl. GLOBAL SOLUTION FOR k=0

The asymptotic behavior at the CH is at the leading order

harmonics. Here we mention those expressions which argoverned by thé&=0 term in the late-time expansion, which

important for the analysis below. Equatiof32) and (62)
become
P_o(r)=e Ruu+el R (CH) (83)

and

N + +
bilo(n=el'R +el'RY (EH).
(84)

Equations(52),(53) and(71),(72) may now be expressed as

\If”:e’imﬂ—"zl SY,'“(B,(;‘))E,O ajufnofj-i-O(A) (CH),
i=
(85)

PV=A"MVD Y(0,4) >, by Mo
T i=0

+0(A"%) (CH) (86)

and

dictates the leading-ordej € 0) coefficientdcf. Eq. (54) or
its mode decompositiof89)]. The functionsy _, satisfy the
homogeneous equation

D'(y)=0.

This is just the field equation of a stationafiye., ®=0)
perturbation modémsin the Kerr geometry. We express the
general solution of this equation as

(94)

P o=AF,(r)+B'F (r), (95
whereF!, andF! are two independent basis solutions, and
Al,B' are arbitrary constaniso be determined from the ini-
tial data at the ElH Occasionally we shall omit the indéx
from F'UN for brevity.

For modesan#0, we take the two basis solutions to be

—iA
F(s—I,s+1+1;s+1+2iA;(x+1)/2)
(96)

Flu(r): 1+x

and[47]
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| C[1-x\A 1+xocr—r_xAxR (CH), (103
— S
Fu(r)=4 1+x

and so

XF(=s—I,—s+1;—=s+1-2iA;(x+1)/2). F(N=RA, F(r)«R-AS (CH). (104

9
o7 Consider next the asymptotic behavior at the two horizons
Here, in the casen=0. Fors>0, F,=F,*A° (recall A=0), and
the integrand in Eq(100) is proportional toA ~S~1, leading
- 2r—ry—r. 99) to F,A S, DefiningF,=F, in this casgm=0, s>0), we
ro—r_ ' recover Egs/(102),(104). For s<0, F,=F,<A"° and the

integrand in Eq.(100) is proportional toAS™ !, leading to
and F denotes the hypergeometric functip#8]. Note that F_ <A°. Defining F,=F, in this case(m=0, s<0), we
both hypergeometric functions are polynomials in our caseagain recover Eqg102),(104).
because the first index is a nonpositive integer. The globalk=0 solution allows us to relate the leading-

In the casem=0, A vanishes, and only one of the above order coefficients at the EH to those at the CH. The matching

two hypergeometric functions is well defindthe one in  of Egs.(95), (102, and(104) to Egs.(83) and(84) yields
which the third index is strictly positiyeLet us denote this
well-defined solution by, : F, is F, for s>0 andF, for e;'=Al (s<0), e/'xB' (s=0) (109
s<0. (The cases=0, m=0 is not considered here: It was
already treated in Ref32].) The other solution, which we &t the EH, and

denote Fy,, is obtained by the Wronskian method. The e xA (s<0 e «B' (s=0 106
WronskianW of the differential equatioi94) may be easily u” ( ) & ( ) (109
calculated, at the CH.[The restriction tos=0 or s<0 results from
W= A~51x const (99) E)ossibIeO(A) terms involved in the transition frony (or
' ¥ ,) to . TheseO(A) terms may affect the matching of the
andF, is given by subdominant components gfand ¢, . But the matching of
r the dominant components, i.e/", " for s<0 and ", "
Fb(r)zFa(r)f F;z(r’)W(r’)dr’. (100 for s=0, is not affected. In Appendi_x D we shall show,
however, that the second proportionality relation in Bd5)

L . . , holds fors<0 too] Consequently,
This integral is elementary for integés. Note thatF, is

well defined and smooth throughout <r<r,: The ze- ecer  (s<0), elxel! (s=0). (107
ros of F, (which are all simpldo not cause a singularity in ) _ -
Eq. (100), because of the factd¥, which multiplies the in- When combined with Eq€89),(90), this implies
tegral. | + | +
Later we shall also need the asymptotic form of the two 3j=g*8j=p (5<0), Dbj_o*bj=, (s=0). (108

basic solutions at the two horizons, locatedatl (the EH  [The proportionality constants involved in Eq405—(108)

and x=—1 (the CH. Consider first the cass+#0. Both  4re a|l trivial nonvanishing numbers whose explicit values
hypergeometric functions have finite nonvanishing values aje ot important for the present discussjon.
the two pointsx=*+1.2 At the EH,

IX. ASYMPTOTIC BEHAVIOR AT THE CH:

1=xer—ri<A=R,  (EH), (10D LEADING-ORDER COEFFICIENTS

and hence For the completion of the analysis of the asymptotic be-
Cin A_s havior at the CH we still need to calculate the leading-order
Fu(r)eR™, Fy(r)=RY (EH). (102 (j=0) coefficients in Eq(85) or (86). It will be convenient

to distinguish at this stage between the case§, s<0, and
At the CH, s=0.

A. Casess=1 ands=2
3The regularity atx=—1 andx=1 is guaranteed because both
hypergeometric functions are polynomidbss the first index is a

nonpositive integer At x=-—1 the argument vanishes and d to det ine th | Combini
F(a,b;c;0)=1. At x=1 the hypergeometric function gets the value SO we need (o determine the parametgrs, . Lombining

F(@b.cl)= (O (c—a—b)T(c—a(c—b) Egs.(93) and (108, we findbj_,xCod . It is convenient
Sincea andb are real, but is not(asm+0), all four I functions O rewrite this relation as

are finite and nonvanishing, so the hypergeometric function is non- r
vanishing. bj_o=Coay i, (109

In this case, the asymptotic behavior at the two horizons
is dominated by’¥. and¥", which both diverge likeA ~*,
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where «, is a nonvanishing constant. In Appendix C we C. Cases=0

calculatea, explicitly and show that Since this case has not much physical motivation, we
_1 110 shall not present here the detailed calculation of the coeffi-
o =1. (110 cients, but just quote the final result:

Subgtituting Eq.(109 inﬁo Eq. (8_6), we obtain the overall W =CoYM(8, ) a, @MYy Mot g e IM2-uy~no~1
leading-order asymptotic behavior at the CH: 0
_ +O(v ")+ 0(u""0"2) +0(A)
W=Coa, Y[(6,¢)A™ %M Yy o+ O(v ™Y
(CH, s=0, m#0),

+0O(AY"S) (CH, s>0). (112
whereC, is the mode’s initial amplitude at the EH.
Note that the most dominamh modes at late timéfor a For completeness we also quote here the analogous ex-
givens) are those with—|s|<ms=|s|, which have the mini- pression for axially symmetric scalar-field modes, derived in
mal value ofl, (andng): Ref.[32]:
lo=|s], ne=2|s|+3. (112 W=CoP) (cos6)(—1)'"[Bv "0+ (—1)"Au""0]
As we pointed out in Sec. IlI, the coefficief, vanishes +O(v "0 H+0(u""0"H+0(A)

for m=0, s>0 [43]. The termj=0 in Eqg. (86) or (53
entirely vanishes in this case, and the asymptotic behavior at
the CH is dominated by the terk=1:

(CH, s=0, m=0),
where
Y=by()A Sy "1+ O(v "0"?)

1 1
A=-(1-r,/r ), B=z(1+r /r_).
+O(A1_S) (CH, S>O, m=0) (111,) 2( + ) 2( + )

The present evidence from preliminary calculations is that X. SUMMARY
b;(6) has a nonvanishing contribution froks 1, only [that ) _ o )
is, bl(g)zconstxsyﬁ)(e)], but this is still to be verified. In this paper we have derived explicit expressions for the

asymptotic behavior of the Newman-Penrose gravitational
and electromagnetic perturbations near the CH of a Kerr BH.
B. Casess=—1 ands=-2 In general, the asymptotic expressions include three impor-
In this case the perturbation at the CH is dominatedPly ~ tant ingredients.
(as W decays likeA!d), so it will be determined from the (i) A factors: A~*for s>0 andA° for s<O0.

parametersa; in Eq. (85). Consider first the(would-bg (i) Inverse powers: v o (vt for vanishingm) for
leading-order termj =0. From Egs.(91) and (108 we find >0 andu™ " for s<0, where genericallyio=2|s|+ 3.
that (iii) Oscillations: A factore'™?-" for s>0 and a factor
e M- for s<0.
a}:0=0, (113 The A factors are of primary importance, because they

mark the divergencéor otherwisé of the various fields at
so thej=0 term entirely vanishes. The overall asymptoticthe CH. One can easily verify that the facthr ® for s>0
behavior fors<0 will therefore be determined by the term indeed implies a divergence of the Maxwell componéhis
j=1 in Eq.(85—provided that this term is nonvanishiat  and the Weyl componentd/,yy like A~° at the CH(this
least for ond). The calculation of the coefﬁcienaé:l re-  divergence is slightly softened by the inverse powew bf
quires the analysis of the=1 term in the late-time expan- Similarly, the factorA® for s<0 implies finite components
sion. This analysis is carried out in Appendix D, and it yieldsF,y andW,,y . Here the indices andb stand for the two
angular coordinate® and ¢, and V and U are the two
a}:1=C0au8|,|O, (114  Kruskal-like coordinates of the inner horizovi=—e™*“-,
U=-—e “-". (The set of coordinated,V, 4, ¢ is regular at
where a, is a constant. Therefore, the leading-orderthe CH, so the above tensorial componefts and W,y py

asymptotic behavior at the CH is properly express the divergence of the Maxwell and Weyl
tensors, respectively.
V=Coay, < {2(9,¢)e—im!Luu—no—1+o(u—“o—Z) The divergence of the gravitational perturbation fisld
=2 indicates the presence of a curvature singularity, where
+0O(A) (CH, s<0). (119 certain components of the Weyl tensor, as measured by a

freely falling observer heading towards the CH, diverge. The
In Appendix D we show that at least for the dominant divergence rate of curvature, expressed in terms of the ob-
modes,—|s|<m=|s|, the parametew, is nonvanishingex-  server’s proper time (with =0 at the CH, is proportional
cept perhaps for isolated valuesafM). to
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T_2(|n| 7_|)—n0e—im(2a/5)|n\7'\
in the generic nonaxially symmetric case and

sible to show that the curvature scal%,;BwR‘“ﬁV‘S also di-

verges at the CH, but this is beyond the scope of the prese

paper.
For all modesn# 0, the divergence of the fields=1,2 is
modulated by the factae™?-V which exhibits infinite num-

to (31(E ( p\liv) ' ’
7 2(In|#) "~ for axially symmetric perturbations. It is pos-

PHYSICAL REVIEW D 61 024001

We define

Zi =Nypi 1+ Niplt
(A4)

z=—(st2qu),

(with p¢_,=0, and hence&,_,=0), whereN,=N;T, and

NkENﬁz. The parameter is nonvanishing, ag=*(s
+2iA)#0 (with a negative sign fow=u and a positive
sign forw=v). N, is nonvanishing too, as botki and T,

ber of oscillations on the approach to the CH. Note that neasre nonzero. EquatioA3) now reads

the CH the nonoscillatory, axially symmetrim& 0) modes
of the fieldss=1,2 are smaller byat least a factorv com-
pared to the corresponding oscillatory modes wniti# 0.

It should be emphasized that although the analysis in th
paper was restricted to linear perturbations, it properly de

scribes(at the leading orderthe fully nonlinear structure of

the curvature singularity at the early portion of the CH. This
is because the CH singularity is essentially linear, that is, th

nonlinear correctionge.g., in terms of curvatuyeare negli-

gible compared to the linear terms analyzed here. This fe
ture (discussed in Sec) Is deduced by comparing the linear

G|2+ZGk:Zk. (AS)

i¥Ve need to show that this system has a family of polynomial

Solutions, with a free paramet@,’ (in fact, a free function

of #) for eachk. [Although the general solution of the
second-order equatig\3) has two free parameters for each

g, it will be sufficient for us to construct a family of polyno-

mial solutions with one free parameter for edghas we
explain below] More specifically, we shall construct a

afamily of solutions in whichpy' is a polynomial of ordek

and nonlinear terms in the systematic nonlinear perturbatiof?1d Gk is a polynomial of ordek—1) in x.

expansiorf20]. For example, by examining the second-order

metric perturbation, one can show that tse 2 Newman-

First, we construct the polynomial solutigsf’ explicitly
for k=0 andk=1. Fork=0, Z, vanishes, so EqA5) ad-

Penrose field associated with the second-order perturbation Bits the trivial solutionG,=0, and thereforep,_ ,=const

smaller than the corresponding first-order teitil) by (at

=Cj (a zero-order polynomial For k=1, Z, is a constant,

leas} a factorv > or u~°. In this sense, the analysis pre- zlzﬂlCW, so Eq.(A5) has the trivial solution

sented here and that of Ref20] complement each
other:

The analysis in Ref20] ensures that the nonlinear

G,=N,C¥/z=const

perturbations are negligible, and the analysis here gives )
much more detailed information about the linear perturbatior@"d, correspondingly,

and, hence, about the overall structure of the CH singularity.
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APPENDIX A

We shall seek solutions to the systé®Y) of the form

=Py (r* )R%w= gy (A1)
wherew=u,v, andpy(r*) are polynomials of ordek in r*
(throughout most of this appendix we omit the argumeént
because the parametric dependenced s irrelevant to the
analysis herg Applying the operato, Eq. (30), to Eq.
(A1), and recalling thaD (R%) =0, we obtain

D) =[(py)"— (s+20,)(py) TR, (A2)

where in this appendix a prime denotgs andx = r*/u.
The differential equatiori27) now reduces to

(P)" = (s+20,)(p) =NiT1pl 1+ NET,pY.,.
(A3)

nomials of orderk— 1 andk— 2, respectively. TherZy is a
polynomial of orderk— 1, which we express as
k-1
I

Ze=2 7.

(Note that from this point and up to the end of this appendix,
i is an index of summation ambty/—1.) Let us write Eq.
(A5) for k=k in the form

Gi=2 1Z—G.
This equation has a unique polynomial solution
G, (A6)
WhereGifk_lzz* 17\

i+1

G=z Yz~ (i+1)G, '] (A7)
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for 0<i=<k—2. This formula allows us to construct the co- APPENDIX B
efficients G, one by one, i.e., firsG'fk*z, then G'{kfa, By virtue of Eqs.(42),(44), the equatiorD(J")=0 im-
etc., until the entire polynomiaG, in Eq. (A6) is con-  plies
structed. . .
Transforming back fronG, to the original unknowng, — i —
g k g Pk 3 52 D[R%u " IFY(W,0)]=0. (B

we obtain

k We shall now show that in both cases=u and w=v,
p;—z ';x‘, D(f‘j”) vanishes for each separately. Then we shall solve
-0 this equation and fintﬂ:}N for eachj.

i=0 w . . . .
whereP - "=C_ is an arbitrary constant of integration, and 1. Casew=u

_ i1 A straightforward calculation shows that the contribution
K " of a particularj to Eq. (B1) is

— D(fYY = DIRIA—N—iEY o
for O<i=<k. This completes our construction. D(fj)=D[R"u Fiw,0)]

) (:)/\r/(:*h)ave constructed a family of polynomials of oréen =2 WPRA[[ (2iA+ S)E;J’W]ufnfj -1
’ +2u - WF] +(n+j—1)F J.”‘W]u*“*ifz}.
pK(x,6)= 2, PL(6)X, (A8) (B2)
=0

For j=0 this expression includes a term proportional to

which, when substituted in E¢A1), solve the systeni27). u~""". Since no othej contributes a term with the same

Transforming back fronx to r* = ux, we recover Eq(37), inverse power, this contribution of=0 must vanish, so

with pl=pn"'P}. FJ“_OW—O But then the second term in the brackets on the
Although the general solution of the second-order differ-right-hand side of Eq(B2) vanishes too, so

ential equatiorfA3) is obviously a two-parameter familjor _

eachk andw), here the restriction to the one-parameter fam- D(fj_y)=0. (B3)

ily of polynomial solutions does not cause any loss of gen-

erality, for the following reason. Our goal is to construct the The same argument can now be applied+dl [because Eq.

general solution of E¢27), which is a two-parameter family (B3) ensures that no contribution proportional to"~?

for eachk. Subsntutmg our polynomial solutions into Eq. emerges from the tern=0], leading toFJ 1w=0 and con-

(A1) and in g =i+ iy, we find that overall our general sequently D(f{_,)=0. Applying this argument term by
solution indeed depends on two arbitrary parameters for eacggrm we end up with the equa’uo:m(f )=0 for allj, along

k, Cy andC}, as required.

The above construction of the polynomial solutiohg) Wlth F]’W 0. We express the general solution of this equa-
guarantees that propert§) is satisfied. Propert2) follows 10N @s
from the form ofZ, in Eq. (A4) [via Eq. (A7)]. To verify =
property(3), we focus our attention on the highest-order co- Fi=a;(0), (B4)
efficient in Eq.(A8), i.e., P' K. The above construction im-

plies that, fork=1, wherea;(6) is an arbitrary function of.

i—k_ 10 miz k 1 2. Casew=v
P “=(kz) " *NyPy , . o . ]
In this case the contribution of a particujaio Eq.(B1) is

which (asN,#0, ande,,=pl,= PY) leads to property3). E(f}')ZB[R*iA*SU*n*JE}/(W, 0)]

=2uR™ATS{(2IA+9)[WF] 5= (n+))F{Ju 172
4One may be concerned about the meaning of the other solutions,

not included in the one-parameter family constructed here. These

are nonpolynomial solutions, which simply transfer the solution . . . L .
Again, for j=0 there is a contribution proportional to

+2uWA —WF} ot (N ) = DF] glu™"172

j,ww

from au type to av type (i.e., from g to ), and vice versa. ' °

Namely, they are proportional tR:(qquv). 'Il(hese solutions are Y *, which cannot be cancelled by any. Oth‘erherefore
already represented in the general solution of &) as polyno-  Fg must satisfy the differential equatiomF _an Dif-

mial solutions of the other type. ferentiating this equation with respectig We find that the
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second term in the squared brackets vanishes to5($§)
=0. We can now repeat the argument fer1, showing that

D(f})=0, then forj=2, etc. We find that for each the
demand that the contribution proportionaltto" "/~ vanish
implies

WF 5=(n+))FY, (B5)

and when differentiating this equation with respeciiothe

contribution proportional tou "2 vanishes too, so

D(f}’)=0 for all j. The general solution of EqB5) is
F/=b;(ow",

Wherij(H) is an arbitrary function o#.

APPENDIX C

We shall calculate here the coefficienf, describing the

ratio between the leading-order tail amplitude at the CH and

the initial tail amplitude at the EH fas>0. By virtue of Egs.
(109 and(93), we have

b, b
_ j=0 _ j=0
av——co @EO (Cl)

For s>0, ¥ is dominated at the two horizons blyY and
Y . Similarly, the functionsz:() is dominated at the two

PHYSICAL REVIEW D 61 024001

rameters can be obtained from the globalO solution(95).
Comparing Egs(C2) and(97), we find, at the CH,

(1-x)
[R 1+Xx

iA
=B' lim[2R/(1+x)]"

r—r_

2 =B' lim
r—r_

[we have used her&(a,b;c;0)=1]. Similarly, from Eq.
(C3) we find, at the EH,

8/'=B'lim [2R, /(1—x)] ™A

r~>l'4r
XF(=s—1,—s+Il+1;—s+1-2iA;1).
Equations(C1) and(C4) now yield
glo

av=~e—|-j -= AT,
v

(CH

where

A= lim [2R/(1+x)] lim [2R, /(1—X)]

r—r_ r—r,
and
'=1F(—s—lg,—s+lp+1;,—s+1-2iA;1)

 T(=lg=2iA)T(lg+1-2iA)
T T T(s—2iA)T(1-s—2iA)

SinceA andA are real A'* is a pure phase factor. As it turns

horizons by the second term on the right-hand side of Eqout, this factor depends on the choice of integration constant

(83) or (84):

Yo(r)=e,RW (CH),

o) =e!'R™ (EH),

whereq,=—iA—s andq, =iA—s. It is convenient to re-
write these two asymptotic expressions as

Yh_o(n=8 AR A=l A% (CH) (C2

and
P o(r) =8 'ATSRA=B A ~Sgim ™

(EH)
(C3

[cf. Egs.(34),(68)], with new coefficient&!, and®,'. Sub-
stitute nowv=t(1+r*/t) into the asymptotic expressions
(86) and (88) for ¥V and ¥ , collect terms of the same
power of 1f, and compare the coefficient of " to Egs.
(C2),(C3). One finds

+1 ~+1

|l —
bi_o=%,, bj—o=%8, .

j (C4

Therefore, in order to determine, we need the relation
betweerg!, and®,' (particularly forl=1,). These two pa-

in the definition ofr*(r), i.e., dr*=[(r?+a?)/A]dr. It is
therefore not so clear whether this phase factor has much
physical meaning(One can relate this phase ambiguity to
the fact that) . #Q _.) With the convenient choice

i} r2+ 2| Y r’ +a’
() =r+ o logl(r—r /M= -
Xlog|(r—r_)/M|,

a direct calculation ofR=e 2~ and R, (r)=e2<+""
yields

2R/(1+x)=e IM(5/M)~ "~ (CH)

and

2R, [(1—-x)=eM(85/IM)?"+ (EH),

SO one obtains

A=(8IM)~ 12, (C6)

5This calculation holds for nonvanishimg Form=0, Eq.(97) is
ill defined and must be replaced by E§00). One can show that in
this case, tod,a,|= 1. However, we do not need to calculaig for
m=0, because the coefficie@ya, in Eq. (111) anyway vanishes
in this caselasCy=0).
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We are primarily interested here in the absolute value of

a, . It is easy to verify that for any integetg=s>0 and

real A#0, |T'|=1. It therefore follows from Eq(C5) that
|ay|=1. (C7
APPENDIX D

In this appendix we analyze the tekws 1 in the late-time
expansion, fois<0, in order to find out whether the tern
=1 in Eqg. (85) vanishes or not.

We first summarize the results for the tekw 0 (which
serves as a source term flor=1). The functionyj_, satis-
fies the homogeneous equati@i(;p'o)zo, whose general
solution is given in Eq(95). Equationg90), (91), and(105
imply

el'=Al=0 (DY)

and, therefore,

Y_o=B'F! V() (s<0). (D2)
When we originally derived the relatioej'ocB' in EqQ.

(105), we restricted it tas=0, because residu@(A) terms
involved in the transition fronib“+ (the dominant component

of fp+ for s<0) to Y might overshadow the subdominant

componenty’, . However, Eq(91) implies that the compo-
nent fﬂi entirely vanishes fos<0. Therefore, no such re-
sidualO(A) terms are present, and we can safely mé;tl@h

to ¢, (at the leading order id). In particular, the matching
of the termk=0 [i.e., matchingB'F{,(r) in Eq. (95 to

+
e;'RY in Eq. (84)] impliese,'=<B' for s<0 too. Equations
(90) and (93) now yield B'ocC05|,|o, which we reexpress as

B'=B%;,,, (D3)

where B? is a nonvanishing parameter proportional to the

initial perturbation at the EH:

BOxC,. (D4)

The functionslpl(>O satisfy the inhomogeneous equation

D'(4j)=Sk.

PHYSICAL REVIEW D 61 024001

B'k(r)=—JrA(r')—Zs'k(r')F'u(r')W(r')—ldr',
(D7)

whereA(r")=(r'—r)(r'—r_) andW is the Wronskian of
the two homogeneous solutioris,,F!,. [The factor A~2
emerges from the factak? which multiplesd,, in the dif-
ferential operatoD'—cf. Eq. (80).]

We need to evaluate the asymptotic behavi01r/k)j1 near
the two horizons at ordek®. Let us first show that the term
BL(r)F.(r) in Eq. (D5) does not contribute at this order.
From Egs.(D2) and (81),(82) we have

Si=1%Fy -

By virtue of Egs.(99), (102, and(104), the integrand in Eq.
(D7) behaves at both horizons likk™*, so the integral di-
verges logarithmically. However, sincE{, vanishes like
A~S, the termB|_,(r)F.(r) will vanish at both horizons,
and the entire contribution at ord&® will come from the
first term in Eq.(D5):

(D8)

Yk 1=Al_1(r FL(r) (CH).

Similarly, at the EH the contribution at orda® is

Yo 1=Al_1(rFL(r)  (EH).

[As we shall show belowA}_,(r.) vanishes, which actu-

ally means that the@(A!¥) contribution from Y, domi-
nateSsz:1 at the EH. However, the contributidid8) at the

CH does not vanish. We need to show the vanishing of
ALzl(r+) in order to obtain the integration constant in Eq.
(D6).]

In the next step we relate the terAbdk 1(r)Fu(r) to the
coefﬁmentsa _, and al j=1 in the asymptonc expressions
(85),(87). Equa‘uons(Dl) and(106) |mplye —e*' 0 for all
I, and hencee,=e_ =0. At the CH,e,=0 yields p;_ 1i-1

=0 [as implied by property(3) in Sec. M, so p,_;

=Py=1j-0- Substituting this in Eq(36), decomposmg into
spherical harmonics, and recalling that, 0, z,b ! does
not contribute at ordeA® near the CH, we obtain

Y1 =L 1=PIR™  (CH), (D9)
wherep10 pk 1j=o=const. Matching this to the asymptotlc
expressionD8) [recalling the asymptotic form dFu(r) at

The general solution of this equation can be expressed as the CH, Eq.(104)] yields

Y= AN LN+ BL(DFY(N), (0S)

with

A'k(r)=JrA(r')_23'<(r')F{,(f')W(r’)_ldr' (D6)

and

PYo< Al (T -) (D10)

(the proportionality factor in the last expression is a trivial
nonvanishing constantWe now substituteR"A =g~ m2-r*
[cf. EqQ. (34)] into Eq. (D9) andu=—t(1—r*/t) and aJ 0
=0 into Eq.(85). Matchlng the ordet no~1 of the latter to

Eq. (DY) yields aj_,=(—1)"**pj. Combining this with
Eqg. (D10), we obtain the requwed relatlon at the CH:
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aj_ Al (1), (D11)

PHYSICAL REVIEW D 61 024001

We first calculateE' for | =lo+1=1-s. In this case the
last integrand in Eq(D16) becomes

Repeating the same matching procedure at the EH, one ob-

tains the analogous relation

aj+=||°cA:<=1(r+)- (D12

1— 2iA
m) [(1—s)x+2iA]A~SX const.

Its integral is elementary,

(Recall that in the last two equations the proportionality fac-

tors are nonvanishing constants.
The integration constant in EGD6) is now determined

from Eq.(D12). This equation, combined with the regularity

condition(91), implies
0=a" =Al_y(r,).

Therefore, in Eq(D6) the lower limit of integration must be
r. . DefiningE'=A}_,(r_), we obtain

r_
E'=fr A2 Flwtdr, (D13)
+

and Eq.(D11) reads

aj_,*E"

(D14
We turn now to evaluate the integral in E@13). In
view of Eq. (81), we denote the contributions & _, and

S._, to E' by E' andE', respectively:

J— r_ _
E'=N}fr A=2T g _FLW - tdr

+

r— _
= 5|,|OB°Nif ATPTy(Fl92w-tdr (D15

M+

and

~ r* ’
E'=2isaN, )\”,J A Yyl _oFlwtdr
I’ r

+

r_
:2isaNiB°>\,|J A—lF'VF'VOW—l dr, (D16)
r

+

where we have usegt,_,=B5, F, , which follows from
Egs.(D2),(D3). (Clearly,§< and any term irSL proportional
to w'k',Z do not contribute tcE'.) Note that the only pos-
sible nonvanishing' is for | =1, andl =1,+1 (because\,,O
vanishes fol >1,+1, and a modé<I, does not exist

So far we have considered all valuesrof and we had
| o=max(ml,|s|) andny=2l,+ 3. For a givens, the minimal
value ofl, (andng) is achieved for them values—|s|<m
<|s|, which yield

lo=Isl, ne=2|s|+3.

We shall now restrict our attention to these valuesmfas

2iA

1-X
Al™Sx const.

1+x

This function vanishes at both horizons, Bs*1=0. Equa-
tion (D16) now becomes

E'zzisaN}(suOBOxoﬂA1(F'V0)2wldr, (D17)
Where)\OEMO,O. Combining Egs(D15) and (D17), we ob-
tain

E'=E'+E'= 5|Y|OB°N}J:+A‘Z'T'(F:/O)2W‘1dr,
where’l’z?ﬁ— 2isahgA. We rewrite this expression as

E'=45),,B°Ix const, (D18)

where

szrr_l(r)dr,

A . 1-x
|ETAS—l(F'VO)2=TA—S—1(—1+X

2iA

and “const” denotes a trivial nonvanishing constaiitve
have used here Ed99); recall that for the caséy=—s
considered here, the hypergeometric functiom‘-iﬁis 1]

The calculation of the integrdlis complicated. Our main
goal, however, is to find out whether this integral vanishes or
not. We shall use arguments of continuignd analyticity to
show thatJ is generically nonzero. Let us denote the values
of I andJ for a=0 (with fixed M) by I, andJ,, respectively.
Fora=0,

T=2s(rA—Mr?)=2sr3(r—3M),

lo=2sr?(r—3M)[r(r—2M)] s L

The integration ofl; is elementary, and one finds that, for
boths=—1 ands=—2, J, is nonzerdit is —8M* for s=
—1 and (32/3M® for s= —2]. Now, sincel is a continuous
function of a in the integration intervar _<r<r,, and
since the integral is absolutely convergent] must be a

they dominate the overall late-time behavior in a genericcontinuous function of. Therefore, there exists a range of

situation.

values ofa neara=0 throughout whichJ+ 0. Furthermore,

024001-18



EVOLUTION OF LINEAR GRAVITATIONAL AND . ..

sincel is analytic inaiin the intervalr _<r<r, , Jis also an
analytic function ofa. [For the present discussion it is useful
to reexpress as

1
5 [(x)dX,

-1

J:

where I (x)=1(r(x),x) andr(x) is the linear function ob-
tained by converting Eq.98). By this we eliminate the de-
pendence of the integration limits @nAgain, this integral is
absolutely convergent, and the integrand is analytia {for
|[a|]<M) in the interval —1<x<1.] Since the analytic
functionJ(a) is nonvanishing imm=0 and its neighborhood,
it must be nonvanishing everywhere|im <M, except per-
haps at isolated values af

PHYSICAL REVIEW D 61 024001

only depend on the dimensionless enaiyM. We conclude
that J is generically nonvanishing, except perhaps for iso-
lated values o&/M. (Furthermore, numerical calculations of
the integrald for the modes of greatest physical interest, i.e.,
lo=—s=1,2 andssm=<-s, and for various values of
a/M, suggest thad never vanishes for these modes.

Recalling now Eqs(D14) and (D18), we conclude that
a=:1 vanishes foll #1,, but is generically nonvanishing for
I=1y. We express this result as

a}:1:COQu5|,|O, (D19

where the constant, is generically nonvanishingThe co-
efficient Cy, denoting the initial amplitude of the mode

From straightforward dimensional considerations it is ob-=1, at the EH, emerges from the parames&rin Eq. (D18)

vious that(for a givenm ands) whetherJ vanishes or not can

via Eq. (D4).]
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